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MODEL QUESTION PAPER - I 
LINEAR ALGEBRA AND NUMBER SYSTEM 





Time : 3 Hours Max : 100 marks 
SECTION A 
Answer any 8 questions. | 5x8 — 40 marks 
l. Prove that RXR is not a vector space over В. 
2: Define Inner Product Space. Give an example. 
3. If S is any subset of V, prove that $ is a subspace of V. 
4. Define Elementary Transformations of matrices. Given an example. 
5. If S = iV, Мэн: ‚М„} 1s an Orthogonal set of non-zero vectors in an inner 
(v, Vk? 
product space V, veV and if v = O4 V +0,У,+....+о V, prove that a, = [ук р 
2 -1 1 
6. Verify Cayley-Hamilton theorem for the matrix ||! 0 2 
3-1 3 
7. If А and B are similar matrices prove that their determinants are same. 
lH 2 3. 
8. Find the rank of the matrix (2 4 6 2 
I. 2 3 2 
9. Find the number and the sum of all the divisorsof 1458. 
1 
10. Prove that the sum of integers less than N and prime to it = Ne(N). 
11. show that 3*1*?-5?"*! js divisible by 14. 
12." Show that x?-x is divisible by 6. 
SECTION B 
Answer any 6 questions. 6x10 = 60 marks 
13. If W is a subspace of a finite dimensional vector space У over a field Е, prove 


that dim(V/W) = dim V — dim W. 


(iv) 


14. 


Explain Gram-Schmidt Orthogonalisation process. Using it find the orthonormal 
basis of V,(R) with the basis ((1, —1, 0), (2, —1, —2), (1, -1, 2)4. 


15.4) Prove that every square matrix satisfies its characteristic equation. 
b) Find the eigen roots and eigen vectors of the matrix A given below. 
2 2 1 
A=|1 3 1 
L 2 2 
16. Prove the below the two inequalities in an inner product spaces. 
i) <x, y>| < ХЇ ТУ! 
i) [|х+у| < |х| + [у 
17. Епа the value of $(N) 
18. |. State and Prove Wilson's theorem. 
19. If m and n are prime numbers show that m™!+n™ !—1 = 0 (mod mn) 
20. Prove that 712!+1 = 0 (mod 719) 
MODEL QUESTION PAPER -II 
LINEAR ALGEBRA AND NUMBER SYSTEM 
. Time : 3 Hours Max : 100 marks 
SECTION A 
Answer any 8 questions. | 5x8 = 40 marks 
I: Prove that the vectors (1, 2, —3), (2, 5, 1) and (-1, 1, 4) form a basis for V,(R). 
2. Prove that any subset of linearly independent set is linearly independent. 
3. Let V be a vector space over F. Prove that 
1) a(0)=0 VaeF 
11) 0у-0 Vvev 
ii  (—a)v = a(-y) =-(av) VacF, veV 
4. If A & B are Orthogonal matrices of same order prove that A’ and AB are 


Orthogonal matrics. 


(v) 


10. 


H: 
12. 


T5 


14. 


15. 


If V is inner product space, prove that 
\п+у[ +[н—у? = 2(lul 4 МЭ), u, v. €V 


Find the rank of the matrix A given below 
4 2 1 3 

А-|6 3 4 7 
2 1 0 7 


Show that the шар Т:82-»В2 defined by T(x, y) = (x, -y) is a linear 
transformation. 


2 
Define similar matrices. If A = 1 | find a matrix similar to А. 


Find the highest power of 5 contained in 1000! 


If a, b, c,..... are the different prime factors of N, then show that the sum of all 


2 
М 1 1 1 
the numbers less {һап N and prime to N 15 = m ne ЇЕ хан 


Show that x^-x is divisible by 30. 
Show that 72"+16n-1 = 0 (mod 64) 


SECTION B 
Answer any 6 questions. 6x10 = 60 marks 
If S is a non empty subset of a vector space V over a field F, prove that 
i) L(S) 1s a subspace of V 
i) 54145) 
111) L(S) is the smallest subspace of V containing S. 


Prove that any vector space of dimension n over a field F 15 isomorphic to 
V (F). 
n 


Using Cayley-Hemilton theorem, find the inverse of the matrix B given below. 


3 3 4 
B=|2 -3 4 
0 -1 1 


(vi) 


16. 


17. 


18. 


19. 


20. 
21. 
22. 


а) 


b) 


If A and B are two m x n matrices prove that 
i) | (AD) -A 
1) (A+B)! = AT + BT 


2 -2 0 6 
4 2 0 2 

Reduce the matrix | 1 -1 0 З | to its normal form. 
1 -2 1 2 


State and prove a necessary and sufficient condition for a non-empty subset w of 
u vector space V to be a subspace of V over F. 


If A and B are two subspaces of a vector spaces V over F, prove that AAB is a 
subspace of V. 


Prove that ((1, —1, 0), (2, —1, —2), (1, -1, -2)) is a basis of ЕЗ. Also find the 
orthonormal basis from this basis. 


Show that 281-233 = 0 (mod 899) 
State and prove Fermat's theorem. 


Show that every integer which is a perfect cube is of the form 7P or 7P+1. 
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LINEAR ALGEBRA | UNIT - 1 


1.1. VECTOR SPACES 


Introduction : 


In this chapter we introduce another algebraic system known as vector spaces. 
The idea of a vector arises in the study of various physical applications. Many physical 
entities like mass, temperature etc. are characterised in terms of a real number and are 
called scalars. Other physical entities such as the velocity of a particle or force acting 
at a point are determined only when both magnitude and direction are specified. Such 
entities are called vectors. | 


Definition and Examples : 
Definition : 

A non empty set V is said to be a vector space over a field F if 
(1) V is an abelian group under an operation called addition which we denote by +. . 


(ii) For every аєЕ and veV, there is defined an element av in V subject to the 
following conditions. 


a) a(ut+v) = autav for all u, veV and аскЕ. 
b) (a+B)u = «utu for all ue V and a, ВєЕ 
с) «(Ви) = (aß)u for all ueV and a, PeF. 
d) l.u = u for all ueV. 


Remarks : 
l. The elements of F are called scalars and the elements of V are called vectors. 
2. The rule which associates with each scalar aeF and a vector veV, a vector av - 


is called the scalar multiplication. Thus a scalar multiplication gives rise to a^ 
function from ЕХУ-»У defined by (a, v)— av. 


Examples : . 
l. RxR is a vector space over R under addition and scalar multiplication defined by 
(Xp хуу, Y). = Guty, x7*Yy) 
and a(x p Х,) = (ax p ах.) 
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Proof : 


Clearly the binary operation is commutative and associative and (0, 0) is the 
zero element. 


The inverse of (Х,, Х,) is (-Х,, -Х,). 
Hence (RxR, +) isan abelian group. 
Now, let u = (x,, Xj) and v = (y,, у,) and let a, BER. 


Then a(ut+v) 


ох, X)+Y,, y] 
= а[х,+у,, х,+у,] 
= (ax,tay,, OX, tay.) 
= (ax, ox,)+(ay,, ау,) 
= a(x, xj)ta(y,. У) 
= Qqutav 

Now, (a+B)u = (a+P)(Xx,, x) 
= (a+ B)x,, (0+B)x,) 
= (ax,+Bx,, ax,+Bx,) 
= (ax, ax,)+(Bx,, Bx,) 
= a(x,, х,)+В(х,, xj) 
= qutpu 

a(B(x,, Ху) 

= (х, Bx) 

= (aBx,, opx;) 

= (aß) (х, xj) 

= (ap)u 


Obviously, lu = u 


Also, a(Bu) 


© ЁХЁ is a vector space over R. 


2. Rs Хэзшин х )/x, eR, 1<і<п}. Then R” is a vector space over R under 


addition and scalar multiplication defined by 


(X,X4,..,X )(Y,y3-.Y,) = Guty, XAtyj, X, ТУ) 
and Q(X,,X,,...,X,) = (ax,ax,,....... AX) 
Proof : 


Clearly the binary operation + is commutative and associative. 
(0, 0,.....,0) 1s a zero element. 
The inverse of (x,,x,,.....,x,) 1s (—x,,-X,,.....,-X,) 


Hence (R^, +) is an abelian group. 


Now, letu = (Ху, x,,....... X,) 
and у = (y, У,,....,у,) and let a, BER 
Then a(utv) = al[(x,.x,....,x )* (y .y,.-.....y,)] 


= Q(X,ty,X,ty,......,X, ty) 


= (ax,t«y,, ах,+оу,,....,ох +ау ) 


= autav 
Similarly (a+B)u = autBu 
and a(Bu) = (ap)u 
Obviously, lu = u 
oo R" is vector space over R, 
3. C is a vector space over the field R. 


Here addition is the usual addition in C and the scalar multiplication is the usual 
multiplication of a real number and a complex number. 


Le, = (x, +1x,)t(y, Hy.) = (x, t+y,)ti(x,ty,) 


and о(хүнх,) = ax Hax, 


Proof : 


Clearly (C, +) is an abelian group. Also the remaining axioms of a vector space 
are true since the scalars and vectors involved are complex numbers and further the 
operations are usual addition and multiplication. Hence C is a vector space over R. 


1 
4. Let V — Та + b42/a,b EQ}. Then V is a vector space over Q under addition and 
multiplication. 


Proof : 
Obviously V is an abelian group under usual addition. 


The remaining axioms of a vector space are true since the scalars and vectors 
are real numbers and the operations are usual addition and multiplication. Hence V is a 
vector space over Q. 


5. The set M,(R) of all 2x2 matrices is a vector space over R under matrix 
addition and scalar multiplication defined by 


a b aa ab 
Ф = | 
c d ac ad 


6. Let V={0}. V is a vector space over any field F under the obvious operations of 
addition and scalar multiplication. 


7: R is not a vector space over C. 
Clearly (R, +) 15 an abelian group. 


But the scalar multiplications is not defined, for if a = atibeC and ueR, then 
au = autibueR. | 


o» R is not vector space over C. 


8. Consider RxR with usual addition. We define scalar multiplication by a(x, y) = 
(ax, ay). 


Then RxR is not a vector space over R. 


Clearly RxR with usual addition is an abelian group. 
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((о+В)х, (о+В)?у) 
= (ах+Вх, о2у+В?у+20Ву) 


(o B) (x, y) 


Also, a(x, y)tB(x,y) = (ax, оа?у)+(Вх, By) 
= (ох+Вх, a?y+By) 
Hence (a+B)(x, y) = ac, y)+ BC, y) 


oo RxR is not a vector space over R. 


1.2. ELEMENTARY PROPERTIES 


Theorem 1.1 : 


Let V be a vector space over a field F. Then 

(1) О = О for all aeF 

(11) Ov = O for all ve У 

(111) (—«)v = «(—v) = —(«v) for all «єЕ and ує У. 


(v) ХУ = О => а = О (ог) у = О 


Proof : 
(1) ao = «(040) = «0--сО 
Hence ao = О 
(11) Ov = (О+0)у = Оу+Оу 
Hence Ov = 0 
(iii) О = Гоо) |у = av+(—a)v 
Hence (—a)v = —(«v) 
Similarly a(—v) = (av) 
Hence (—a)v = «(—v) = av) 
(1v) Let av = O. If a = O, there 1s. nothing to prove. 


cs Let cO. 
Then o^!«F 


Now, v = Iiv = (a'a)v = a Қау) = a !0=0 
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Theorem 1.2: 
Let V be a vector space over a field F. Then 
(1) Q(V,-V,) = avav, VaeF, v, ve V 
(1) av, = av, and a#0 => v,-v, 


(ii) av = Bv and v40 > a-p 


Proof : 
(1) a(v,-vj) = alv; +v] 
= av,t+a(—v,) 
= QV,-«v, (-- (-a)v = -(av)) 
(1) Since Qv, = av, 
QV,-av, = 
a(v,-v,) = 
Also a x 
oo уу) = 0 | (.. av=0 => a=0 or v=0) 
(11) since av = Dv 
av-pv = 0 
LE; (a-B)v = 0 
Also v = 0 
до a-B = 0 С. av=0 — а=0 (or) v=0) 
1.е., a = 6 | 
do av = fv 
and vzÜ0 => az. 


1.3. LINEAR SPAN 
Definition : 


Let V be a vector space over а field F. Let v,,v,,.....v,e€V. Then ап element of 


the form @ V to, v,t...... +O У, where a.eF is called a linear combination of the 


уес(от$ V,,V5,....-. ‚У. 


Definition : 


Let S be a non-empty subset of a vector space V. Then the set of all linear 
combinations of finite sets of elements of S is called the linear span of S and is 


denoted by L(S). 


Note : 
Any element of L(S) 1s of the form. 


at, V, FO V, t...... +O V, Where q,,0.,,...... a EF. 


Theorem 1.3: 
Let V be a vector space over a field F and S be a non-empty subset of V. Then 
(1) L(S) is a subspace of V 
Gi) _ ScL(S) 
(iii) If W is any subspace of V such that SSW, then L(S)cW. (1.е.,) L(S) is 
the smallest subspace of V containing S. 
Proof : 
(1) Let v,weL(S) and a,peF 
Then v = Qv, tO, v,t..... t«v, where v;eS and a;cF. 


Also, у = ,w,tB,w,t.....*B,,w,, where w;e5 and B,<F. 


Now, avt pw a (a. v +a V +... +A V )+В(В w +B w,t...+B Win) 
= (@@у)уү+...... +a )у +BB wt... +B nW m 
& av+ßw is also a linear combination of a finite number of elements of 5. 


Hence av+Bw e L(S). 


c» L(S) is a subspace of V. 
(1) LetueS 


Then u-lueL(S) 


Hence ScL(S) 


(iii) 


Note : 


Let W be any subspace of V such that SCW. We claim that L(S)cW. 
Let ue L(S) 

Then и = o@,u,+o,u,+.....ta@,u, where ues and a,eF 

Since SW we have u,,U,,....,u, € W 

со QU, +о,и,+.....+о и e W (since W is a subspace of V) 

oo uc W 


Hence L(S)cW. 


L(S) is called the subspace spanned (generated) by the set S. 


Examples : 


l. 
(a) 


In V4(R) let e, = (1,0,0), е, = (0, 1, 0) and e, = (0, 0, 1) 
Let S = {e,, e,} 
Then L(S) = {ae,+Be,/a,BeER} = ((o,B,0)/a,BeR) 


Let S = {ep 6, e,}. Then 
L(S) = {ae,t+Be,tye,/a,B,yeR} 
= {(2,B.y~/a,B,yeR} 
= V,(R) 


Thus V,(R) is spanned by еу, €5, €] 


Let э = Че бы © | 


iT] . 
ыг 
Q 
=) 
ГЭ 
„=“, 
UD 
N” 
| 


{a,e,+a,e,+..... +а e, [a eR) 
= (ro m ‚о Ja; eR) 
= VCR) 

Thus у (К) 1s spanned by {€,, e.....,e,) 
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Theorem 1.4 : 
Let V be a vector space over a field F. 
Let S, Tc V. Then 
(a) ScT => L(S)cL(T) 
(b) L(SU T) = L(OS)*-L(OT) 
(c) L(S) = S iff S is a subspace of V. 


Proof : 

(a) Let ScT. Let seL(S) 
Then s = a,s,t,sS,t.....ta,s, where 5,є5 and a,eF. 
Now, since SccI, s,eT 


Hence @,8,+@,8,+..... +a Ss ELCT) 


Thus L(S)cL(T) 


(b) Let seL(SOT) 
Then s = e,s,to,s,t...-ta,s, where s;e Su T апа «;€F 
Without loss of gnerality we can assume that 


S158554:959, € 5 AE фән „5 eT 


Hence @,S8,+a@,s,t....... +A pS E LCS) 

and €, Sup tee +о Ss €L(T) 

co S = (0.5,+...... AOL SOs S a t eee ta s )eL(S)*L(T) 
Hence Ї,С554Т) с LOS)+LCT) 

Also by (a) L(S) c (5481) 

and LY) c L(ST) 

Hence L(S)-L(T) = L(SUT) 

Hence T(SUT) = L(OS)c-L(T) 


- (c) Let L(S) = S. By theorem 1.3. L(S) = S is a subspace of V. 


Conversely, Let S be a subspace V. Then the smallest subspace containing 5 is S 
itself. 


Hence L(S) - S. 


Corollary : 
L(L(S)) = L(S). 


Examples : 


l. C is spanned by {1,1} where i = 1-1. | : 


For, if S = (1, i}, then 145) = {al+bi/a,beR}=C 


2. The vectors v, = (1, 2, 3), v, = (0, 1, 2) and v, — (0, 0, 1) generate ЕЗ. 

For, let S = {v,, Ул, V3} 

To prove L(S) = R? 

We know L(S)cR? 

Therefore to prove R?cLL(S) 

Let v — (a, b, c) be any element of R?. 

To prove veL(S) 

(1.е.,) v is a linear combination of Уз Vos: Was 
Put (а, b, с) = xv, +yv,+zv, where x, у, z are suitable scalars to be found. 


Then (a, b, c) X(1, 2, 3) + y(0, 1, 2) + z(0, 0, 1) 


| 


(x, 2x+y, 3x+2y+z) 


oo X= a, 2x ty = b, 3х+2у+27 = с. 


These equations are consistent and so have a solution, namely, хаа, y=b—2a, 
z=c—2b+a. 


Thus v=(a, b, c) = av, +(b—2a)v,+(c—2b+a)v,eL(S) 
o> R?^cL(S) and hence L(S)=R?. 
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Exercises : | 
D. Find L(S) in the following cases. 
(a) 5 = {(1, 0), (0,1)} in УК) 
(b) S = {(1,0,0), (2,0,0), (3,0,0)} in V4(R) 
(c) S = {(1,2,3), (2,3,1), (3,',2)} in V,(R) 
(4)  S={(2,0)} in VR) | 
(e) S = (1, x, x’,.......x7} in R[x] 
(D S$ = {(1,2,3)} in Z,*Z,*Z, over 2, 
(о) 5 = {(0,1,2), (1,2,0)}in Z,*Z,*Z, over Z, 


w ep JE pese 


2. Let V be a vector space over a field F and S= 10: Уны CY 
Let S, = (av, 0, v5... OV} where o, e F- (0j 
Let 5, = {УУУУ зә у) where aeF 


Show that L(S) = L(S,) = LG) 


3: Show that in V,(R) 
(3, 7)eL(1(1,2), (0,193) 


Answers : 
L (a VR) — (b) £(x,0,0)/xeR} 
(c) | V4(R) (d) ((x,O)x eR) 


(e) The set of all polynomials of degreexn and zero polynomial. 
(£) £(0,0,0), (1,2,3), (2,4,1), (3,1,4), (4,3,2)} 
| (g) ((0,0,0), (0,1,2), (1,2,0), (1,0,2), (0,2,1,), (2,1,0), (2,0,1), (1,1,1), (2,2,2)} 


(5 реа) 


(h 


N” 
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1.4. LINEAR INDEPENDENCE AND DEPENDENCE 


In V,(R), let S = {e,, e, е,}. 
We have seen that L(S) = V,(R) 
Thus S 1s a subset of V,(R) which spans the whole space V,(R). 


Definition : 


Let V be a vector space over a field F. V is said to be finite dimensional if 


there exists a finite subset S of V such that L(S) = V. 


Examples : 


l. 
2: 


Note : 


V,(R) is а fintie dimensional vector space. 
У (К) is a finite dimensional vector space. 


Since S={e,, €,,......€,} is a finite subset of V (К) such that L(S)-V (К). In 
general if F is any field У (F) is a finite dimensional vector space over F. 


Let V be the set of all polynomials in F[x] of degree < n. Let S = { 1,x,x?,....,x"} 
Then L(S) = V and hence V is finite dimensional. 
C is a finite dimensional vector space over R, Since L(11, i}) = C. 


In M,(R) consider the set S consisting of the matrices 


1 0 О 1 
A-7|o of В = |0 0 
0 0 0 O0 
Сет op Миг 
a b 
Then d = aA+bB+cC+dD 


Hence L(S) = M,(R). So that M,(R) is finite dimensional. 


All the vector spaces we have considered above are finite dimensional. However 


there are vector spaces which cannot be spanned by a finite number of vectors. For 
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example, consider R[x]. Let S be any finite subset of R[x]. Let f be a polynomial of 
maximum degree in S. Let deg f — n. Then any element of L(S) is a polynomial of 
degree < n and hence L(S) + R[x]. Thus R[x] is not finite-dimensional. 


In this chapter, we consider all the vector spaces are finite dimensional. 


Although we have defined what is meant by a finite dimensional space we have 
not yet defined what is meant by the dimension of a vector space. We now proceed to 
introduce the concepts necessary to define the dimension of a finite dimensional vector 


space. 
Consider the vectors e; = (1, 0, 0), е, = (0, 1, 0), e, = (0, 0, 1) in У,(В) 
Suppose that ae +a etae = 0 
Then (с, 0, 0)+(0, о, 0)+(0, 0, 04) = (0, 0, 0) 
со (01, Ол, 05) = (0, 0, 0) 
oo Q = A, = Qa == 
(1.е.,) о eta, etae = 0 iff a, = а, = а, = 0 
Thus а linear combination of the vectors, е, €, and e, will yield the Zero vector 
iff all the coefficients are zero. 
Definition : 


Let V be a vector space over a field F. A finite set of vectors Уү, V5,...., V, In V is 


said to be linearly independent if 
G,VytovAt...ta у = 0 


0 


) 
R 
i 
Q 
Мә 
| 
| 
Q 
| 


dependent. 


Note : 


IH Nac os ,V, are linearly dependent, then there exists scalars 0. 1,0.,,....,0 not 


all zero, such that QV, TOP Уут... +0 V, = 


13 


Examples : 


l. In У (Е), {e}, e,,.....e,) is a linearly independent set of vectors, for, 


2. In V,(R) the vectors (1,2,1), (2,1,0) and (1,-1,2) are linearly independent. For, 
| let a,(1,2,1)+a,(2,1,0)+a,(1,-1,2) = (0,0,0) 


do (a, 20 *a., 20,+0,-a,, &,+20,) = (0, 0, 0) 


90 a, +t2a ta, БОС (1) 
дажа -0 ee (2) 
17204. OE (3) 


Solving equations (1), (2) and (3) we get a, =a, =a, = 0 


o» The given vectors are linearly independent. 


3. In V,(R) the vectors v, = (-1, 2, 1) and v, = (3, 1, 2) are linearly independent. 


For Q,V,+0,V, = 0 
a4 Ct, 2, 1) + a4(3, 1, -2) = (0, 0, 0) 
(-a,+30,, 2a,+a,, a&,-20,) = (0, 0, 0) 
oo зо = o 55]  — = (1) 
20,+0, = 0 = (2) 
(2095 c E ЭЭЭЭ (3) 


Solving (1), (2) and (3), we get à, =a, = 0 


So (v,, v5) is linearly independent. 


4. In V,(R) the vectors (1, 4, 2), (-2, 1, 3) and (-4, 11, 5) are linearly dependent. 
For, let о. (1, 4, —2)+a,(—2,1,3)+a,(-4, 11, 5) = (0, 0, 0) 
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до a,—-20,-4a, = 0 Et NEUE (1) 


| 
© 


4a ta +110. = 
-2a +30, t50 -00 0 mm (3) 
From (1) & (2) 


со A, = —18K, a, = -27K, a, = OK. 

These values of сс, о, and a, for any K satisfy (3) also 

Taking K = 1 we get 

a, = —18, a, = —27, a, = 9 as a non-trivial solution. 

Hence the three vectors are linearly dependent. 
5. The vectors v, = (1, -2, 1), у, = (2, 1, -1) and v, = (7, —4, 1) are linearly 
dependent in ЕЗ. 

For let à, v,+a,v,+a,v, = 0 

Then a (1, -2, 1)+a,(2, 1, -1)+a,(7, -4, 1) = (0, 0, 0) 


(1.е.,) (@,+2a,+7a,, —2a,+a,—4a,, бү-0 98065) = (0, 0, 0) 


со a,+2a,+7a, = a a (1) 
~2o,t0,40, = 0 a (2) 
но, = Oe (3) 


a 
From (1) and (2), by the rule of cross-multiplication, — 1272 .93.K (say). 


9001,55 155, 0, — 10K. о = SK. 

These values of a, o», a, clearly х" (3) for any value of K. Take K=1. 
Then a, = -15, a, = —10, >) 

Thus there exist scalars Œ,» €», &, not all zero such that Q4 V, tO, V, tav, = 0 
oo (Vj, V5, Уз} is linearly dependent. 
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6. Let V be a vector space over a field F. Then any subset S of V containing the 
zero vector is linearly dependent. 


Proof : 
Let S = (0, v,,.....,V,} 


Clearly @0+0у,+0у„+.....+0у = 0 where a is any element of F. Hence for any 
0+0, we get a non-trivial linear combination of vectors in S giving the zero vector. 
Hence S is linearly dependent. 


Exercises : 


1. Determine whether the following sets of vectors are linearly independent or 
linearly dependent in V,(R) 


a) 1(1,0,0), (0,1,0), (1,1,0)) 
b) {(1,2,3), (2,3,1)} 
c) {(1,2,3), (4,1,5), (—4,6,2)} 
d) ((0,0,0), (2,5,3), (-1, 0, 6)} 
e)  ((1,0,0), (1,1,0), (1,1,1), (0,1,0)} 
2. Determine whether the following sets of vectors are linearly independent or not. 
a) ((1,1,0,0), (0,0,1,1), (1,0,0,4), (0,0,0,2)) in V,(R) 
b) {(21,1,0), (2,-1, 1), (0,1,1,-1)} in V4(C) 
c) {01,0,0), (0,6,0), (0,0, /5)) in V,(R) 


d) У = the set of all polynomials of degree < n in R[x] and S={1,x,x?,....x} 


2 010 OFO -ijj 
e) 0 012 o|3 о (19 МЮ 
3. In V,(z,) determine whether the following sets of vectors are linearly dependent. 
a) {(1,3,2), (2,1,3)} 
b) {(1,1,2), (2,1,0), (0,4,1)} 


4. In УК) prove that the vectors (a,b) and (c,d) are linearly dependent iff ad—bc=0. 
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5. Let (v,,v,,v4) be a linearly independent set of vectors in V4(R). 
Show that 
(a) {У +У,, Vy*V4, УКУ} is linearly independent. 
(b) (2v, +v, v,+v,, уу-у, } is linearly independent. 
6. If the vectors (0,1,а), (1,a,1) and (a,1,0) of V,(R) are linearly dependent then 


find the value of a. 


Answers : 
1, (b) 16 linearly independent 
2. (a), (b), (c), (d) and (e) are linearly independent. 


LM (a) 15 linearly independent. 
4. а =0, +./2 


Theorem 1.5: 


Any subset of a linearly independent set is linearly independent. 


Proof : 
Let V be a vector space over a field F. 
Let S = (v,,v,,....., v.) be a linearly independent set. 


Let S! be a subset of S. Without loss of generality we take S! = {v,,v.,....,v,} 


where kn. 


Suppose S! is a linearly dependent set. Then there exist o,,0.,......,0, in F not all 


zero, such that a v to, v, t... tav, = 0. 


Hence ау; +а,у,+..... оу +0V,,,+.....+0V, = 0 15 a non-trivial linear 


combination giving the zero vector. 
Here S is a linearly dependent set which is a contradiction. 


Hence S! is linearly independent. 
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Theroem 1.6 : 


Any set containing a linearly dependent set is also linearly dependent. 


Proof : 
Let V be a vector space. Let S be a linearly dependent set. Let 57-55. 


If S' is linearly independent S is also linearly independent (by previous theorem) 
which is a contradiction. 


Hence S' is linearly dependent. 


Theorem 1.7 : 


Let 5 — [v V sis ,V,J be a linearly independent set of vectors in a vector space 
V over a field F. Then every element of L(S) can be uniquely written in the form 


Q V, to, Уул... ta, у, where ос, ЄЕ. 


Proof : 


By definition every elements of L(S) is of the form a,v,+a,v,+....+0,V,. 


Hence (a,—f,)v,+(a,—B,)v,+.....+(a,—-B_)v, = 0 
Since S is a linearly independent set, 0-Р, = 0 for all i. 
oo a. = В; for all i. 


Hence the theorem. 


Theorem 1.8 : 

S = {V VaV} 1s a linearly dependent set of vectors in V iff there exists а 
vector v,eS such that v, is a linear combination of the preceding vectors v,,v,,...., v, ,. 
Proof : 


Suppose V,,V»,......, V, are linearly dependent. Then there exists OL, ,Ol,,....,0, €T, 


n 
not all zero, such that œ v, +о,у,+.....+а v, = 


Let К be the largest integer for which a0. 
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oo v = Cay a)v-.... t(-a OV DV, 

o> v, is a linear combination ofthe prceding vectors. 

Conversely, suppose there exists a vector v, such that у = o, V, t... Oy Үүд 
Hence —a, v ,—.....—04 Үү tv, FOV yy t FOV, = 0 


Since the coefficient of v, = 1, we have S = ОЕР E linearly dependent. 


Examples : 

In V,(R), let S = {(1,0,0), (0,1,0), (0,0,1), (1,1,1)] 

Here (1,1,1) = (1,0,0)+(0,1,0)+(0,0,1) 

Thus (1,1,1) is a linear combination of the preceding vectors. Hence S isa 
linearly dependent set. 
Theorem 1.9: 

Let V be a vector space over F. Let S = {y,,v,,....v,} and L(S) = W. Then there 
exists a linearly independent subset S! of S such that L(S') = W. 
Proof : 

Let S = {V Vas- V4] 

If S is linearly independent there is nothing to prove. 


If not, let v, be the first vector in S wich is a linear combination of the 


preceding vectors. 
Let S, = {V V5... Vy p Укр Va 
(i.e.,) S, is obtained by deleting the vector v, from S. 
We claim that L(S,) = L(S) = W. . 
Since S,cS, L(S,)cL(S) (refer theorem 1.4) 


Now, let veL(S) 
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Then v = av, t....* o v, t..... ta. у 
Now, v, is a linear combination of the preceding vectors. 
Let ук = Ву, +--+ DL LV 

Непсе У = Vt... Oy (Уул 


+о (BV t... Py Vy Ak Vig Pere ТОШУ 


& v can be expressed as a linear combination of the vectors of S, so that 
veL(S,). | 


Hence L(S) c L(5,) 
Thus L(S) = L(S,) = W 
Now, if S, is linearly independent, the proof is complete. 


If not, we continue the above process of removing a vector from S,, which 1s a 
linear combination of the preceeding vectors until we arrive at a linearly independent 
subset S' of S such that L(S') = W. 


Solved Problems : 
Problem 1 : 
If the vectors v,,...... ‚У, and the scalars o5,.....«, are such that A = {v,+a,V,, 


V,+0,V,,....V,+a,V,} Is linearly dependent, show that B = {v,, 
dependent. 


2 ,v,j is also linearly 


Since A is linearly dependent, there exists scalars p,,...... D, not all zero, such 
that 


B (v, toov )*B.(v., tov) TT рау) 0. авы (1) 
Say В, # 0. 
From (1), (6,a@,+B,0,+....... +В о Jv, + В,у,+В,у;+...... Ву, = 0 


Since the coefficient of v, is B,#0, it follows that {v,,....v,} is linearly 
dependent. 


Problem 2 : 


If the set fu, v, w} is linearly independent in V(C). Show that {utv, u-v, u-2v+w} 
is also linearly independent. 
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3. 


Let a(u+v)+B(u—v)—y(u—2v+w) = 0 
Then (o pB--y)u*(a-D—2y)vtyw = 0 


But fu, v, w} is linearly independent. 


oo a+B+y =. 0 
a—-p-2y = 0 
y = 0 


These equations have the only solution a=0, B=0, ү=0. 


со ЦУУ, u-v, u-2v-w are linearly independent. 


Find the linearly independent subset A of S = (v,,v,,v,,v,j 1n R?(R) such that 


L(A)=L(S) where уү-(1,2,-1), v,=(-3, —6, 3), v,7(2,1,3) and v,=(8,7,7). 


S = (VSV4V4,V4J 
Now v, = (-3, —6, 3) = —3(1, 2, -1) = —3v, = a linear combination of v,. 
со remove v, from v}. 


Let T = {v,, v4, v4). Clearly v, is not a linear combination of v,. Is v, a linear 


combination of Уу, у,? 


Suppose v, = av,tbv, 


7А 


Then (8,7,7) = а(1, 2, -1)*b(2,1,3) 


(а+2Ь, 2a*b, –а+3Ы) 


oo а+26 = 8 
2atb = 7 
~at3b = 7 


Solving, we get a = 2, b= 3. 
oo V, = 2V,+3v, = a linear combination of v, & v}. 
oo remove v, from T. Thus we get A = {v}, V3} 


Since v, is not a linear combination of v,, A is linearly independent. Since ACS, 


L(A)cL(S). 
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Let veL(S). Then 
у = av,tbv,tcv,tdv, 
= av,—3bv,tcv,+d(2v,+3v,) 
= (a-3b+2d)v,+(ct+3d)v, є L(A) 


8,148) c L(A) 


IN 


Hence L(A) = L(S). 

Thus A is the required subset of S. 
4. Let V be the vector space of functions form R into R. Show that ff, g, h} isa 
linearly independent subset in V, where f(x)=e2*, g(x)-x? and h(x) = х. 


Let a, b, c be scalars and let af+bg+ch = 0, where the function 0 is defined by 
О(х) = 0 VxeR | 


оо (aftbg+ch) (x) = 0 = 0(x) VxeR 
oo af(x)+bg(x)+ch(x) = 0 


(1.е.,) ae@*+bx2+cx = 0 VxeR 


Put x = 0 oo ac 0 | | | ---- (1) 
Put x = 1 c ae?tbte= 0 2 2 -- (2) 
Put x = 2 æ aef+t4b+2c=0 2 2 2 ween nee (3) 


Solving (1), (2) & (3) we get 
a=0,b=0,c=0 
со aftbgtch = 0 > a=0,b=0,c=0 


oo (f, g, hj is linearly independent. 


5. Show that the vectors (a, b) and (c, d) in с? are linearly dependent < ad = bc. 
Let х, у, є с 
Then x(a; b)+y(c, d) = 0 


(xatyc, xb+yd) = (0, 0) 
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oo ах+су = 0 and 
bx+dy = 0 


We know that these equations have a solution other than 








a c 
x=y=0 © А= |, al^ 0 
€» ad-bc = 0 


со The vectors (a, b) and (c, d) are linearly dependent < ad = bc. 


6. Let V = F[x]. Show that the infinite set S = (1,x,x?,.....) is linearly independent. 


Let A = {х°1, x?2,.....x?nJ be any finite subset of S, where 0, 0,,......,а. are 


non-negative integers. 


Let dj; а„,...... a, be scalars such that a,x?1ta,x?2-..... +a x% = 0 (zero 
polynomial). 
Then by the definition of equality of two polynomials, we get а,-0, 


а,=0,....,а =0. 


со A is linearly independent and hence S is also linearly independent. 


1.5. BASIS AND DIMENSION 


Definition : 


A Linearly Independent subset S of a vector space V which spans the whole 


space V 18 called a basis of the vector space. 


Theorem 1.10 : 
Any finite - dimensional vector space V contains a finite number of Linearly . 
Independent vectors which span V. (i.e.,) A finite dimensional vector space has a basis 
consisting of a finite number of vectors. 
Proof : 
Since V is finite dimensional there exists a finite subset S of V such that 


L(S)=V. А 
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By the theorem 1.9 this set S contains a linearly Independent subset S! = 
(v, V5... V4) such that 15) = L(S) = V 


Hence S! is a basis for V. 


Theorem 1.11 : 


Let V be a vector space over a field F. Then 5 = {v,.v,,.....v,} in a basis for V 
iff every element of V can be uniquely expressed as a linear combination of elements 
of S. | 


Proof : 


Let S be a basis for V. Then by definition S is Linearly Independent and L(S)=V. 
Hence by theorem 1.7 every element of V can be uniquely expressed as a linear 
combination of elements of S. 


Conversely : 


Suppose every element of V can be uniquely expressed as a linear combination 
of elements of S. 


Clearly L(S) = V 

Now, Let a,v,+a,v,+...... ТОУ = 

Also Ov,+Ov,+......FOv, = 0 

Thus we have expressed О as a linear combination of vectors of S in two ways. 
со By hypothesis a, = a, =.....= a, = 0. 

Hence S is Linearly Independent 


Hence S 18 a basis. 


Examples : 
| 


1) S = {(1,0,0), (0,1,0), (0,0,1)} is a basis for V,(R) for, (a,b,c) = 
a(1,0,0)+b(0,1,0)+c(0,0,1). 


oo Any vector (a, b, c) of V,(R) has been expressed uniquely as a linear 
combination of the elements of S and hence S is a basis for V,(R). 
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2) 


3) 


S = {e,, е„,.....е„} is a basis for V (F). This is known as the standard basis for 
У (Р). 


S = ((1,0,0), (0,1,0), (1,1,1)} is a basis for V,(R). 


Proof : 


4) 


3) 


6) 
7) 


. 8) 


9) 


We shall show that any element (a, b, c) of V,(R) can be uniquely expressed as 


a linear combination of th. vectors of S. 

Let (a, b, c) = a(1, 0, 0)* B(0,1,0)-y(1,1,1) 

Then at+y = a, B+y = Б, ү = с 

Hence a = a-c and p = b-c 

Thus (a, b, c) = (2—c)(1,0,0) + (b-c)(0,1,0) + c(1,1,1) 


oo S is a basis for V,(R). 


S = {1} 1s a basis for the vector space R over R. 


s= (0 able 9) 


a b 
f 1 can be uniquely written as 


24:49 ojo t o) а 


11, 1) is a basis for the vector space C over R. 


0 01/0 0 
1 0/70 1 is a basis for M,(R), since any matrix 


Let V be the set of all polynomials of degree < n in R[x]. Then (1,x,x?,.....,x"^) 
15 a basis for V. 


(01,0), (1,0), (0,1), (0,1)) is a basis, for the vector space CxC over R, for 
(440, cid) = a(1,0) + b(i, 0)+c(0,1)+d(0,i) 


5 = {(1,0,0), (0,1,0), (1,1,1), (1,1,0)} spans the vector space V4(R) but is not a 
basis. 
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Proof : 
Let S' = {(1,0,0), (0,1,0), (1,1,1)j 
Then 148) = V,(R) (refer examples 3) 
Now since ScS'. We get L(S) = V,(R) 
Thus S spans V,(R) 
But S is linearly dependent since 
(1,1,0) = (1,0,0) + (0,1,0) 


Hence S is not a basis. 
10) S= {(1,0,0), (1,1,0)} is Linearly Independent but not a basis of V,(R). 


Proof : 
Let a(1,0,0)+8(1,1,0) = (0,0,0) 
Тһепо+В = 0 and р = 0 
o» а = В = 0. Hence S is linearly independent. 
Also L(S) = {(a,b,0) / abeRj + V,(R) 


oo S is not a basis. 
Solved Problems : 
1. Show that B = {(0,1,0), (1,0,1), (1,1,0)} is a basis for V,(R) i.e., R3. 
Solution : 
For «(0,1,0)+B(1,0,1)+7(1,1,0) = 0 - 
= (ф+ү, aty, р) = (0,0,0) 
= Bty = 0, a+y = 0, В =0 
>a=f=y=0 
oo B is linearly independent. 


To prove L(B) = R?, we have to show that every vector in R? can be expressed 
as a linear combination of elements of B. 


Let (a, b, c) be any element of КЎ. We want to write (a, b, c) = x(0,1,0) + 
у(1,0,1) + z(1,1,0) where x,y,z are scalars to found. 
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Hence we require (a, b, c) = (y+z, x+z, y) 

оо YtZ = а, xt+zZz=b,y=c 

Clearly, these equations have балин x = b+c-a, у = с, 2 = a-c. 

Thus, (а,Ь,с) = (b+c—a)(0,1,0) + c(1,0,1) + (а—с) (1,1,0) 

oo L(B) = R? and hence B is a basis “эг R3. 

Note that 4(1,0,0), (0,1,0), (0,0,1)} is the standard basis for R3. Thus, we find 
that a vector space may have more than one basis. 


2. Show that the set B = {(1,2,1), (2,1,0), (1,-1,2)) is a basis for V,(R) = ЁЗ. 


Solution : 
Now &,(1,2,1)*04,(2,1,0)*0.(1,-1,2) = 0 


=> (a,*2a,to., 2a,+0,—0,, a,+2a,) = (0,0,0) 


ees a +20,+0, — 0 
206 *o,—-0. - 0 
a,+2a, = 0 


>a, = а, = а, = 0 

oo В is linearly independent: - 

Let (a,b,c) є R? be arbitrary. | | i 
Then (a,b,c) = a( 1,0,0)+b(0,1,0)+c(0,0, 1) -------(1) 


We write (1,0,0) as a linear combination of elements of B as follows. 


Let оо (1,0,0) = x(,2,1)*yQ,1,0)*z(1,-1,2) 
= (х+2у+2, 2xty-z, x+2z) 
со | xt2ytz = 1 | 
2xty-z = 0 
xt2z = 0 
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| . 2 5 
On solving these equations, we get x = “9° Yo 27 


2 5 1 
& = -2(,2,1)4 —(2,1,0) 4 — (1, 1,2 
ИР 4 1 - 2 
Similarly, (0,1,0) = 5(12.1)-5Q.1,0)-2(,.-1,2) 
| 1 1 1 
and (0,0,1) ын 3(22,1)-=(2,1,0)+—(1,-1,2) 


Using these in (1), we find that (a,b,c) is a linear combination of (1,2,1), (2,1,0) 


and (1,-1, 2) 


3: 


so L(B) = R? and hence B is a basis for ЁЗ. 


Show that S = ((1,0,0), (0,1,0)} is linearly independent but is not a basis for ЁЗ. 
а(1,0,0)48(0,1,0) = (0,0,0) | 
(о,В,0) = (0,0,0) 


— а= В = 0 


oo © is linearly independent. 
L(S) = {a(1,0,0)+b(0,1,0)/a,beR} 
= {(a,b,0)/a,beR} | 
+ R? 


o» 5 is not a basis for ЁЗ. 


Exercise : 


1) 


2) 


Show that the following three vectors from a basis for V,(R). 

a) (1,2,—3), (2,5,1), (-1,1,4) 

b) (1,1,0), (0,1,1), (1,0,1) ` 

c) (2,—3,1), (0,1,2), (1,1,2) 

Show that the following sets of vectors do not from a basis for V} (R). 
a) (1,0,0), (1,1,0) 

b) 1(1,2,1), (1,3,5), (-1,0,1), (1,-1,2) 
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с) {(0,0,0), (1,0,0), (0,1,0), (0,0,1)} 
d) {(3,2,1), (3,1,5), (3,4,-7)} 
e) {(1,2,3), (2,3,4), (3,4,5)] 
3) Show that (1,1,0), (21,1,1), (0, 1+i, 1-1) from a basis for V,(c). 


4) Find a basis for the vector space consisting of all matrices of the form. 
a b a 0 
Yio al Pio b 
5) If {v,,V,,V,} is a basisfor V,(R), show that {v,+v,, v,+v,, V,+v,} is also a basis. 


Is this true in (a) V4(z;) (b) V,(z,)? 


Answers : 
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Theorem 1.12 : 


Let V be a vector space over a field F. Let 5 = (v,,v,,....,v,j span V. Let 
S = {w,,W.,....W,,} bea linearly independent set of vectors in V. Then msn. 


Proof : 
Since L(S) = V, every vector in V and in particular w,, is a linear combination 


V 


Of V,,V5,...., V. 


Hence S, = (W,,V,,V,,....,V,j 15 a linearly dependent set of vectors. Hence there 


exists a vector v,#w, in S,. Which is a linear combination of the preceding vectors. 
LOC Sy {Wp ested Vp in Vitus Vd 
Clearly L(S,) = V 
Hence w, is a linear combination of the vectors in S,. 


Hence 5, = (WW, Vse VL sa ope у„} 15 linearly dependent. Hence there 
exists a vector in S, which is a linear combination of the preceding vectors. 


Since the w;'s are linearly independent, this vector cannotbe уу, or уу, and hence 
must be some Vj. where jzk (say, with j>k). Deletion of M from the set S, gives the set 


3100 РТТ Мүлдө ЕРТ У Уру} of n vectors spanning V. 
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In this process, at each step we insert one vector from {W,W5,-..--W,,} and delete 
one vector from ЗЕТ VUA. 


If m>n after repeating this process n times, we arrive at the set (w,,w, ,,..... wj 
which spans V. 
Hence w,,, 1s a linear combination of w,,w,....... 


Hence (w,,w»,...... WW... W, is linearly dependent. 
Which in a contradiction. 


Hence m<n. 


Theorem 1.13 : 


Any two bases of a finite dimensional vector space V have the same number of 
elements. 


Proof : 
Since V is finite dimenional. It has a basis say S = {v,,v,,....V,} 
Let S' = {w,,W,,.......W,,} be any other basis for V. 


Now L(S) - V and S! is a set of m linearly independent vectors. Hence by 
theorem 1.12, m<n. 


Also since L(S!) = V and S is a set of n linearly independent vectors, n<m. 


Hence m=n. 


Definition : 


Let V be a finite dimensional vector space over a field F. The number of 
elements in any basis of V 1s called the dimension of V and is denoted by dim V. 


Examples : 
l. dim V (К) =n. since (e,,e,,.....e,j 18 a basis of У (К). 


2. МК) is a vector space of dimension 4 over К. 


1 0\{0 11(0 01(0 OY. | 
since o oflo 0711 oflo 1 is a basis for M, (R). 
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2: C is a vector space of dimension 2 over R. Since (1, 1) is a basis for C. 
4. Let V be the set of all polynomials of degree = n in R[x].V is a vector space 
over R having dimension n+1, since (1,x,x^.....x^j is a basis for V. 
Theorem 1.14 : 
Let V be a vector space of dimension n Then, 
(i) any set of m vectors where m>n is linearly dependent 


(ii) any set of m vectors where m«n cannot span V. 


Proof : 
(1) Let S = {v,,V,,....V,} be a basis for V. 
с Непев L(S) = V. 


Let S' be any set consisting of m vectors where m > n. Suppose S' is linearly 
Independent. Since S spans V by theorem 1.12, msn. 


Which is a contradiction 
Hence S! is linearly dependent. 
(ii) ^ Let S! be a set consisting of m vectors where m<n. Suppose L(S') = V. 


Now S = LV Vases Vat is a basis for V and hence linearly Independent. Hence 
by theorem 1.12 nm. Which is a contradiction. 


Hence S' cannot span V. 


Theorem 1.15: 


Let V be a finitie dimensional vector space over a field F. Any linearly 


Independent set of vectros in V is part of a basis. 


Proof : 
Let S = (v, v,,....,v,j bea linearly Independent set of vectors. 
If L(S) = V then S itself is a basis 
If L(S) « V, choose an element v,,, € V-L(S). 


Now consider, S, = {V Vz- Vs V4) 
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We shall prove that S, is linearly Independent by showing that no vector in 5, 15 
a linear combination of the preceeding vectors. (refer theorem 1.8) 


Since (v,,v»,.....,V,) is linearly Independent, v; where 1<1<г is not a linear 
combination of the preceeding vectors. 


Also v,,,¢L(S) and Hence у, is not a linear combination of Т ТЕВЕ Ms 


Hence S, is linearly Independent. 


If L(S,) = V, then S, is a basis for V. If not we take an element v.,,€ V-L(S) 
and proceed as before. Since the dimension of V is finite, this process must stop at a 
certain stage giving the required basis containing S. 
Theorem 1.16 : 

Let V be a finite dimensional vector space over a field F. Let A be a алж лан of 
V. Then there exists a subspace B of V such that V-AGB. 


Proof : 


Let S = {v,,v,,.....v,} be a basis of A. By theorem 1.15. We can find 
W4,W»,.....,W., € V such that S' = (v,,v,,..... Vp Wp W5.....w.} is a basis of V. 


Now let B = L ((w,,w»,......,w.]) 
We claim that ANB={0} and V = A+B 
Now, let ve ANB. Then veA and veB 


_ Hence у = QV tæ, V,+... +O У 


r r 
= B w tB w+ TF +B w, 
оо Q Ví tO, Уул... tA у - D w,-B,w;,......-B,w, 0 


Now since S' is linearly Independent a. = 0 = p. for all i and j. 
Hence v = 0. Thus ANB = {0} 
Now, let ve V 
Then v = (a V ta, V+... +O v) 
+ (B w, +В w, +....+B wW )E A+B 


Hence A+B = V so that V = AGB. 
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Exercise : 


l. Let V be a finite dimensional vector space. Let A and B be subspaces of V such 
that У=АФВ. Then show that dim V = dim A + dim B. 


2: Construct 3 subspaces Wi, Ұ., W, of a vector space V such that V = WOW, = 
WSW, but W,zW.. 


3. For each of the following subspaces A of V,(R) find another subspace B such 
that ADB=V,(R) 


(i)  А-14(14,0) (0,1,1)} 
(ii) A = L{(i,1,1)} 
(iii) A =L({e,,¢e,,e,}) 
Definition : . 


Let V be a vector space and 5 = !v.,v,,......, Vj be a set of independent vectors 
in V. The S is called a maximal linearly Independent set if for every ve V-S, the set 


A E ‚У„} is linearly dependent. 


Definition : 


Let S = (v,,v,,....,v,) be a set of vectors in V and Let L(S) = V. Then 5 is 
called a minimal generating set if for any v.cS, L(S—{v,})#V. 


Theorem 1.17 : 


Let V be a vector space over field F Let 5 = {v,,v,.,...... va SV. Then the 
following are equivalent. 


(1) S is a basis for V 

(ii) Sis a Maximal linearly Independent set 

(11) S is a minimal generating set 
Proof : 

(i) => (ii) 

Let 5 = (v, v,,...... у.) be basis for V. Then by theorem 1.14 any n+1 vectors in 
V are linearly dependent and hence S is a Maximal linearly Independent set. 
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(ii) > (1) 
Let S = {v,,Vv,,......v,} be a maximal linearly Independent set. Now to prove that 
S is a basis for V we shall show that L(S) = V. 


Obviously L(S) c V 
Now, Let veV 
If veS, then veL(S). (Since ScL(S)) 


If veS, S' = {У,,у,,....... УУ) isa linearly dependent set (since S 1s a Maximal 
linearly Independent set). | 


& There exists a vector in S'. Which is a linear combination of the preceeding 
vectors. 


Since V,,V,,.....V, are linearly Independent, this vector must be v. Thus V 18 a 
linear combination of v,,v,,....v,. Therefore ve L(S). 


Hence VcL(S) 

Thus V=L(S). 

(i) > (iii) 

Let S = (v,,v,,......v,) be a basis. Then L(S) = V. 

If S is not minimal, there exists у,є5 such that L(S-1v;j)- V. 


Since S is linearly Independent, S—{v,} is also linearly independent. Thus S—{vj} 
is a basis consisting of n-1 elements. | 


Which is a contradiction. 

Hence S is a minimal generating set. 

(iii) — (1) 

Let S = (v,,v,,......v,) be a minimal generating set. To prove that S 1s a basis. 
We have to show that S 1s linearly Independent. 


If S is linearly dependent, there exists a vector v, which is a linear combination 
of the preceeding vectors. 


Clearly L(S—{v,}) = V contradicting the minimality of 5. 


Thus S is linearly Independent and since L(S) = V, S is a basis for V. 
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Theorem 1.18 : 


Any vector space of dimension n over a field F is isomorphic to У (Б). 


Proof: 


Let V be a vector space of dimension n. Let (v,,v,,,....v,) be a basis for V. 


Then we known that if veV, v can be written uniquely as V= V tovt... FO V. 


where aE F. 


Now, consider the map f:V->V_(F) given by f(a,v,+......+0,V,) = (0,0,,......,0,) 


Clearly f is 1—1 and onto. 


Let v,w,e V 


Then 


Also 


f( v--w) 


f(av) 


OL он + у, and 
Руано +BY, 
ij (xc, +B Jv,+ — +(a, +B )v,] 


[0о1+В,),(а,+8,).....„(о,+6,)] 
(O га üt) V (DoD ‚В,) 


f(v)+f(w) 

ооу, +......+аа V.) 
(atat, ,00.,,.......... ‚о AN 
Qa, Qt,....... ,Q,) 

о (у) 


Hence f is an isomorphism of V to V (Е). 


Corollary : 


Any two vector spaces of the same dimension over a field F are isomorphic, for, 


if the vector spaces are of dimension n, each is isomorphic to У (F) and hence they are 


isomorphic. 


Theorem 1.19 : 


Let V and W be vector spaces over a field F. Let T:V->W be an Isomorphism. 


Then T maps a basis of V onto a basis of W. 
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Proof : 


linearly Independent and that they span W. 
Now a, T(v,)+a,T(v,)+......ta, Т(у) = 0 
=> T(a,V,)+T(a,V,)+....+T(a,v_) = 0 
=> T(a,v, to, v,t......ta v.) = 0 
=> Q4 Vy Oo V, t...... tX, V, = 0 (since T is 1-1) 
|—»0470-..... ай! 
(Since V,,V,.......v, are linearly Independent). 


e» Т(у), Т(У,)........ T(v,) are linearly Independent. 


Now, let weW. Then since T is onto, there exists a vector veV such that 
T(v)=w. 


Let У = QOQVQGT........ +С, v 


Then у 


ii 
-= 
^^“ 

< 
wee’ 


T(a,v,t....... ta v.) 


a, T(v,)7....... +a Т(у) 
Thus w is a linear combination of the vectors, T(v,),T(v,),....... T(v,). 


oo T(V,), T(v,),......, T(v,) span W and hence is a basis for W. 


Corollary : 


Two finite dimensional vector spaces V and W over a field F are isomorphic iff 
‘they have the same dimension. 


Theorem 1.20 : 


Let V and № be finit dimensional vector spaces over a field F. Let (v,,v,,.....v 
be a basis for V and let w,,w,,............ уг, be any n vectors in W (not necessrily 
distinct). Then there exists a unique linear transformation T:V —W such that T(v,)=w., 
171,2,....n. 
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Proof : 


Let у 
We define T(v) 
Now,letx,y e V 

Let X 
and y 
со x+y 
oo T(xty) 
Similarly T(ax) 


| 


QW НОУ... РОМУ 


ГУТ B V 
(a, *B,)v,*...... (a, * Bv, 


(oc, * B,)w Taan +a +В )w, 


T(x)*T(y) 
(х) 


Hence T 18 a linear transformation. 


Also У, 
Непсе Iy) = 
Similarly T(v;) 


— 


lv, +0v,+ ТИЕ Ov 
lw,+0w,+ NM +Ow | = ү, 


w; for all i = 1,2,....... n. 


Now to prove the uniqueness, Let Т’: VW be any other linear transformation 


such that T'(v.) = w; 


Let V 
Ту) 
. Hence T- T! 
Remark : 


Qu, V, FO Vt... FOL V. eV 


o, T(v,)+a,T!(v,)+......+a,T(v,) 


The above thorem shows that a linear transformation is completely determined 
by its values on the elements of a basis. 


Theorem 1.21 : 


Let V be a finite dimensional vector space over a field F. Let W be a subspace 


of V. 
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Then (1) dim W x dim V 
PS CR | 
(11) dim w^ dim V – dim W 


Proof : 


(1) Let S = {w,,w,,.....w,,} be a basis for W. Since W is a subspace of V, S is a part 
of a basis for V. 


Hence dim W x dim V. 
(1) — Let dim V =n and dim W = m 


Let S = {w,,w.,,.....w,,} be a basis for W. Clearly S is a linearly Independent set 
of vectors in V. 


Hence 5 18 a part of a basis in V. Let Ак, КЕНЕ Wap УУ-У.) be a basis for 
V. Then m+r = n. 


V 
Now, we claim 5' = (W-tv,, Wtv,,+....... W+v_} is a basis for Ww: | 
=> (Wta,v,)*(Wto,v,)*...-(Wt*tav) = ўү | 
=> Wta v tovt... тоу = W 


=> Qv tovt... +a v.e Үү 


Now since {W,w,,........ уу) is a basis for W. 
AV tQ, Vat... v, = pw, tp,w,t.....tB we 

со 1, V,+0,V,t.....0,V.—B,W,-B,W,-.....-B WwW = Үй 
өө 0 — (1555: "uU cB. D ass =p > 


oo 9718 a linearly Independent set. 


V 
Now let Wtv e — 
W 

Let У = Q,V,+.....+0V +B Wt... FB W 
Then Wtv = W+(a,v,+......+0.V +B wt... tB w) 
= W+(a,V)+......+Q@,V,) 


(Since B ,w,t...... +B у EW) 
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li 


(W-a,v,)*......-(W-a,v,) 


(WV, y)... +a (W-v,) 


p S 


= r = n-m = dim V — dim W. 


Theorem : 1.22: - 
Let V be a finite dimensional vector space over a field F. Let A and B subspaces 
of V. Then dim(A+B) = dim A + dim B - dim( AAB). 
Proof : 
A and B are subspaces of V. Hence АГЗВ 18 subspace of V. 
Let dim(A^B) =r 
Let S = (v,,v,,.....v,J be a basis for ANB. 
Since ANB is a subspace of A and B, 5 is a part of a basis for A and B. 
Let {v,,V,,...--V,, u,,U,,.....u,j be a basis for A. 
and (v,,v,....... V,SW,,W»......W,j be a basis for B. 
We shall prove that S' = (v,v,.....v,, u,U,,......U, W,W......W,) is a basis for A+B. 
Let avit... ta v +B u t... +B uty wt... tyw, = 0 
Then Bu, +.....+B U = -(y,W,t..... ^Y w)-(a,v,1......*a, v )eB 


Hence  p,u,t....tp,u, e B 


Also D,u,t....tB,u є A 

Hence . p,u,t....tp,u, e AOB 

oo Bu,t......+ Bu. OV bius Ó v, 
co Bu, t.....*B,u.-0,v,—.....—06,v, = 0 

oo p, = ....... =. = ора. 0,70 


39 


Similarly we can prove y, = y, = ...... Ly 8 
9o Q; = Р, = y, = 0 for 1xixr 

1<]<5; 1<К<{. 

Thus 57 15 a linearly Independent set. 

Clearly S' spans А-В. 

oo © is a basis for A+B 

Hence dim(A-7 B) = r+s+t 


Also dim А = rts, dim B = r+t, and dim (ANB) =r 


oo dim A + dim B -dim (AAB) (r+s)+(r+t)—r 


rł+s+t 


| 


діт (А+В) 


Aliter By the theorem, Let V be a vector space over а Field Е. Let А and B be 
A+B В 


A ANB 


Hence dim AE = dim) Ё | 





subspaces of V. Then 





| ANB 
oo dim(A+B)—dim A = dim B - dim (AQB) 
oo dim(A-7 B) 


dim A + dim B — dim(A^B) 


Corollary : 
If V = AGB, dim V = dim A + dim B. 


Proof : 
У= АФВ => AtB=V 
and ANB = {0} 
оо dim(AMB) = 0 
Hence dim V = dim A+ dim B. 
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Solved Problems : 
1, Complete the set ((2,1,4,3), (2,1,2,0)} to form a basis of V (К). 


Solution : 
Since dim V,(R) = 4, every basis of V (R) contains four vectors, 
Let v = (2,143), 
у = (2,1,2,0) 


Then Avita, V, = 0 = (2a +20,0 to», 40,+20,, Зо.) 
= (0,0,0,0) 
=> 20,820, = 0 


ata, = 0 
4a,t2a, = 0 
3a, = 0 
>a,=a,=0 
А = (v,,V5j is linearly independent. 


Now L(A) 


{av,+Bv, /a,B scalars} 


| 


{(20+2B, at+B, 40+2B, Зо) / o, p scalars} 


We choose a vector outside this span L(A) and get an enlarged linearly 


independent set. 


For each vector in L(A), the first co-ordinate 2a+2B is twice the second co- 
ordinate a+P. Hence e, = (1,0,0,0) is not in this span. Thus, we get the enlarged 


linearly independent set S, = (Vp VS RJ. 
Now L(S,) = {av,t+Bv,tye, / a,B,y scalars} 
= {(20+2B+, «+В, 4042, За) / о, В,ү scalars} 
Аз before we enlarge S, by choosing a vector outside L(S,) | 
Clearly, €, = (0,1,0,0) is not in L(S,) 
Let S, = {V),V>,€),€5}. 


Then S, is linearly independent and hence is a basis for V,(R). 
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2. Let A = {(1,1,1,1), (1,2,1,2)} be a linearlyindependent subset of VR). Extend 
it to a basis of V,(R). | 


Solution : 


Let v, (1, 1, 1, 1), v b 2. P. 2) 


Then L(A) = (av,tpv, / o,D scalars} 
= {(a+B, a+2B, a+B, «-20)/ a, B scalars} 
For each vector in L(A) the first and third co-ordinates are equal to a+. 
oo V, = (0,2,1,2) is not in L(A). Thus, we get th enlarged linearly independent 
set 
5, = {V1,V5,V3} 
Now | (51) = {av,t+Bv,tyv, / о,В,у scalars} 
= {(0+В, a+2B+2y, o p-cy, a+2B+2y) / o, B,y scalars} 
Clearly v4, =' (2,5,3,6) is not in L(S,) 


со 95 = Vp V5,V4.V4Jis a basis for V,(R) 


Exercise : 
1. Find the dimension of the subspace spanned by the following vectors in V,(R). 
(a) (1,1,1), (-1,-1,-1) 
(b) (1,0,2), (2,0,1), (1,0,1) 
(c) (1.2,-3); (0,0,1), (-1,2,1) 
(d) (1,1,2) (—1,1,0) 


2. Find the dimension of the subspace spanned by the following vectors in V (В). 


(a)  6€,6€,€,e, 


(b) бү, е, 
(c) е,е,, е; 
(d) e, 
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3. In V,(R), find dim(A+B) and dim(A^B) where 
| (a) A is the subspace spanned by (1,1,1) and 
B is the subspace spanned by (-1,—1,-1) 
(b) A is the subspace spanned by (1, 1, 1) and 
B is the subspace spanned by (1, 2, 1) 
(c) A is the subspace spanned by (1, 1, 1) and (1,2,1) and 
B is the subspace spanned by (0, 0, 1) 
(d) A is the subspace spanned by (1, 1, 1) and (1, 2, 1) and 
B is the subspace spanned by (1, —1, 1) and (-1, 1, -1) 
4. Let V, and У, be subspaces of V such that У ^V, is the zero space. 
Prove that dim V, + dim V, < dim V. 


5, Let V, and V, be subspaces of V such that every vector veV can be represented 
as v=v,+v, where v, € V, and v,e V, prove that dim V, + dim V, 2 dim V. | 


6. If A and B are finite dimensional subspaces of V such that ACB and 
dim A = dim B then show that A = B. 


E Let S be a subspace of a finite - dimensional vector space V. If dim V = dim S 
then prove that S = V. 


8. Let W, and W, be two subspaces of a finite dimensional vector space V. 
If dim V = dim W, + dim W, and 
WOW, = {0} prove that, V = WOW.. 


Answers: 
1 (а) 1 (b) 2 (c) 3 (d) 2 
2 (a) 4 (b 2 (c) 3 (d) 1 
3 (a) 11 (b 2;0 (c) 3;0 (d)  3;0 
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LINEAR ALGEBRA UNIT - 2 


2.1. SUBSPACE 


Definition : 


Let V be a vector space over a field F. A non-empty subset W of V is called a 
subspace of V if W itself is a vector space over F under the operations of V. 


Theroem 2.1 : 


Let V be a vector space over F. A non-empty subset W of V is a subspace of V 
iff W is closed with respect to vector addition and scalar multiplication in V. 


Proof : 
Let W be a subspace of V. 


Then W itself is a vector space and hence W is closed with respect to vector 
addition and scalar multiplication. Conversely, let W be a non-empty subset of V such 
that 


uve W => utve № 
and ue WandaeF => aue W 
We prove that W is a subspace of V. 
Since W is non-empty, these exists an element ue W. 
oo Ou = OE W 
Also veW => (-1)v = -veW 
Thus W contains 0 and the additive inverse of each of its element. 
Hence W is an additive subgroup of V. 
Also ue W and aeF > aueW. 


Since the elements of W are the elements of V the other axioms of a vector 
space are true in W. 


Hence W is a subspace of V. 
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Theorem 2.2: 


Let V be a vector space over a field F. A non-empty subset W of V is a 


subspaceof V iff uve W and а,ВєЕ > autpve W. 


Prceof : 


Let W be a subspace of V. 

Let u,ve W and о, є F 

Then by theorem 2.1, au and Bye W and hence aut+Bve W. 
Conversely, 


Let uve W and са, єЕ-» autBpveW. 


. Taking a=B=1, we get uve W => utveW. 


Taking B=0, we get 
aeF and ueW > aueW 
Hence by theorem 2.1. 


W is a subspace of V. 


Examples : 


1) 


{0} and V are subspaces of any vector space V. They are called the trivial 


subspaces of V. 


2) 


W = {(a,0,0)/aeR} is a subspace of В? for, let u = (a,0,0), v-(b,0,0)e W and 


oc, D eR. 


Note : 


3) 


I 


Then autBy o(a,0,0)+B(b,0,0) 


(aat+Bb,0,0)eW 
Hence W is a subspace of R?. 
Geometrically W consists of all points on the x-axis in the Euclidean 3 space. 


In ВЗ, W = {(ka, kb, kc) / keR} is а subspace of R^. 


For 1f u (Куа, kb, Кус) 


[| 


апа V (К,а, k,b, k,c)e W and арсК 
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Then аџ+Ву = a(k,a, k,b, k,c)+P(k,a, k,b, Кс) 
(ak, Bk,)a, (ak,+Bk,)b, (ak, +Bk,)c e W 


Hence W is a subspace of R?. 


Note : 


X 7, | 
Geometrically W consists of all points of the line P = E = - provided a, b, c are 


‘not all zero. Thus the set of all points on a line through the origin is a subspace of R3. 
However a line not passing through the origin is not a subspace of R2, sinc the additive 
identity (0,0,0) does not lie on the line. 


4. W = {(a,b,0)/a,beR} is a subspace of В? W consists of all points of the xy- 
plane. 


Э. Let W be the set of all points іп R? satisfying the equation /x+my+nz=0. W is а 
subspace of R?. For, let u=(a,,b,,c,) and v = (a,,b,,c,)eW and o,BeR 


Then we have 

la,'-mb, ас, = 0 = /a,+mb,tnc, 

Hence a(/a,+mb,+nc,)+B(/a,+mb,+nc,) = 0 

(1.е.,) (aa, * Ba, )*m(ab, Bb, )*n(ac,tpc,) = 0 

(1.е.,) au--Bve W so that W is a subspace of ЁЗ. 
Note : 


Geometrically W consists of all points on the plane /x+my+nz = 0, which passes 
through the origin. 


6. Let W = {f/feF[x] and На) = 0} 


(i.e.,) W is the set of all polynomials in F[x] having a as a root where aeF. Then 
W is a vector space over F. 


W observe that x-ae W and hence W is non-empty. 
Let f,geF[x] and a,peF 


To prove that a£-pge W. We have to show that a is a root of af+Bg. 
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af(a)+B g(a) 
a0+B0 = 0 


Now, (af+Bg)(a) 


Hence a is a root of aftfg. 


& af-BgeW and hence W is a subspace of F[x]. 


a 0 
7: үү = ЇЇ = eR} is a subspace of M,(R). 


Solved Problems : 


Problem 1: 


Prove that the intersection of two subspaces of a vector space is a subspace. 


Solution : 


Let A and B be two subspaces of a vector space V over a field F. 
We claim that AOB 15 a subspace of V. 

Clearly 0€ ANB and hence ANB is non-empty. 

Now, let uve ANB and a,peF 

Then u,ve A and u,veB 

o» autpveA and aut veB (since A and B subspaces) 

oo autBveAnB 


Hence AB 15 a subspace of V. 


Problem 2: 


Prove that the union of two subspaces of a vector space need not be a subspace. 


Solution : 


| 


Let A 1(2,0,0)/ae К} 


B 


] 


{(0,b,0)/beR} 


Clearly A and B are subspaces of R? (by example 2). 
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However AUB is not a subspace of R3. 

For (1,0,0) and (0,1,0)€ AUB 

But (1,0,0)+(0,1,0) = (1,1,0 € AUB 
Problem 3: 


Prove that the union of two subspaces of a vector space is a subspace iff one is 
contained in the other. | 


Proof : 


Let H and K be two subspaces of G such that one is contained in the other. 
Hence either HcK or KcH. 


oo HOUK = K (or) HOK = Н 

Hence HUK 15 a subspace of С. 

Conversely, suppose HUK is a subspace of G. 
We claimthat НСК (or) KcH. 


Suppose that H is hot contained in K and K 16 not contained in Н. Then there 
exist elements a, b such that 


`аєН andagK ` ee (1) 
beKandbgH 0 н (2) 


Clearly а,рБє HUK. Since HUK is а subspace of С, a,beHuK. Hence abeH (or) 
‘abeK. 


Case (1) : 
Let abeH. Since acH, a 'eH. 
Hence a^! (ab) = beH which is contradiction to (2). 
Case (ii) : 
Let abeK. Since beK, b^! eK. 


' Hence (ab)b^! = aeK which is a contradiction to (1). Hence our assumption that 
Н is not contained in K and K is not contained in H is false. 


oo НСК ог КЕН. | 
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Problem 4: 

If A and B are subspaces of V prove that A+B = (ve V/v-atb, acA, beB! isa 
subspace of V. Further show that A+B is the smallest subspace containing А and B. 
(i.e.,) If W is any subspace of V containing А and B then W contains A+B. 

Solution : 
Let У,,у,ЄА-В and aeF 


Then v,=a,+b,, v,=a,+b, where а,,а,ЄА and b,,beB 


Now, v,*v, = (a,tb,)+(a,+b,) 
= (а +а,)+(,+,)єА+В 
Also, a(a,+b,) = aa,tab, e A+B 


Hence A+B is a subspace of V. Clearly ACA+B and ВсА-В 
Now, let W be any subspace ot v containing A and B. 

We shall prove tht A+BcW. 

Let ve A+B. Then v=a+b where aeA and beB. 

Since ACW, ae УУ. Similarly be W 

a+b = veW 


c» A-BcW so that A+B is the smallest subspace of V containing À and B. 


Problem 5: 

Let A and B be subspace of a vector space V. Then ANB = {0} iff every vector 
ve A+B can be uniquely expressed in the form у=а+6 where ae А and beB. 
Solution : 

Let ANB = {0} 

Let v є A+B 

Let v = aytb, = atb, where а,,а,ЄА and р,,0,ЄВ 

Then a,—a, = b,-b, 

But a,-a,€ A and b,-b, €B 

Hence a,—a,, b,-b, e AOB 
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Since ANB = {0}, a,-a, = 0 and b,-b, = 0 so that a, = a, and b, = b,. Hence the 
expression of v in the form a+b where ae A and beB is unique. 


Conversely suppose that any element in A+B can be uniquely expressed in the 
form a+b where ae A and beB. 


We claim that ANB = {0} 
If AOB = {0}, let ve AB and vz0 
Then 0 = v—v = 0+0 


Thus 0 has been expressed in the form a+b in two different ways which is a 
contradiction. 


Hence ANB = {0} 


Definition : 


Let A and B be subspaces of a vector space V. Then V is called the direct sum 
of A and B if (i) A+B = V (ii) ANB={0}. If V is the direct sum of A and B we write 
V-AGB. | 


Note : 


V=A®B iff every element of V can be uniquely expressed in the form a+b 
where ae A and beB. 


Examples : 


1. In V,(R). Let A = {(a,b,0)/a,beR} and B = {(0,0,c)/ceR}. Clearly A and B are 
subspaces of V and ANB = {0}. Also let v = (a,b,c)e V.(R). 


Then v = (a,b,0)+(0,0,c) so that 
A+B = V,(R) 
Hence V,(R) = AGB. 


a b 
2: In М.(Б), let A be the set of all matrices of the form P 4 and B be the set of 
0 0 
all matrices of the form c dl Clearly A and B are subspaces of M,(R) and 


0 0 
Ac. 1 and A+B = M,(R) 
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Hence МК) = АФВ 
3: If a,, ал, a, are fixed elements of a field F, then the set W of all ordered trials 
(Хү,Х,,Х,) of element F, such that a,X,+a,x,+a,x, = 0 is a subspace of V,(F). 
Solution : 


Let a = (X1X2.X3) & D = (y,.y,,.y;) be any two elements of w. Then Хү, X2, X4, 
Yı» У, Уз are element of F and are such that 


a,X,ta,x,ta,x, = 0 
ay, Fay tay, = 0 
If a, b be any elements of F, 
We have aat+bB = a(x,,x,,x,) + һ(у,,у„у,) 
(ах ,ax,,ax,)+(by,,by,,by,) 
(ax, +by,, ax,+by,, ax,+by,) 
Now, a,(ax,+by,)+a,(ax,+by,)+a,(ax,+by,) 


-a0+b0 


0 
oo aatbB = {ax,+by,, ax,tby,, ax,+by,}eW 


Hence W is a subspace of V,(F). 


Exercise : 


l. Show that the following subsets-of R3 are subspaces Interpret them 


geometrically. 

a) {(a,0,c)/a,ceR} 

b) {(a,b,c)/a=b=c} 

с) {(a,b,c)/a=b+c} 

d) {(a;b,a+b)/a,beR} 
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2. Show that the set of all polynomials in R[x] having atleast one rational root is 
not a subspace of R[x]. 


3. Let W be a subspace of V and U be a subspace of W. Then show that U is a 
subspace of V. 


4. Show that each of the following subsets of V,(R) is not a subspace. 
| i) - S = {(xy,z) / х2+у2+22 < 1} 
n) = S= {(x,y,z) / x+y+z = 1j 


111) S = {(x,y,z) /x 2y 2 z} 


Theorem (0.О) 2.3: 


| V 
Let V be a vector space over F and W a subspace of V. Let w^ {W+v/veV}. 


У. , 
Then w 28 а vector space over Е under the following operations 


i) (Wt+v,)+(W+v,) = Wty,+v, 
п) a(W+v,) = W-av, 
Proof : 


Since УУ is a subspace of V it is a subgroup of (V, +). Since (V, +) is abelian, W 
is a normal subgroup of (V, +) so that (1) is a well defined operation. 


Now, we shall prove that (ii) 18 a well defined operation. 
Ү+у, = Wty, => v,-V,eW 
=> Q(V,-V)e W (since W is a subspace) 
=> Qv,-av,eW 
=> av,eWtav, 
=> Wav, = Wtav, 
Hence (ii) is a well defined operation. 


V 
Now, let Wtv,, Wtv,, Wtv, € ху? 
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Then (W+v,)+[(W+v,)+(W-+v,)] 


Hence 't' is associative. 


| 


(Wv +W +v, +v) 

(W+v )*t(W-rv tv) 

Wty tv, +v, 
(W-+v,+v,)+(W+v,) 

[CW-Ev (УУ) (У-У) 


v 
УУ--0 = УУ e wis the additive identity element. 


For (W+v,)+CW+0) 


| 


| 


Wry, 
(W+0)+CW+v,) V v,eV 


Also УУ-у, 15 the additive inverse of W-tv,. 


V 
Hence Ww iS a group under +. 


Further (W+v,)+(W-+v,) 


| 


7 
W-+tv itv, 
Wv, +v, 


(W+v,)+(W+v,) 


v 
Hence Ww is an abelian group. Now, let о, В єЕ. 


ОЦ СҮҮ--у, )t(OWtv5)] 


(a+B)CW+v,) 


(A+B )CW+v) 
aLBCW+v,)] 


o(W+v,+v,) 
W-ra(v,tv,) 
W-av,-ta«v, 
(Wav, )+(Wrav,) 
a(W +v )+a(W+v,) 
УУ-(0:5В)УУ, 

Уус, Бу, | 
(W+ov,)+(W+Bv,) 
a(W+v,)+B(W+v,) 
aCw+Bv,) 

W+apv, 
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a[B(W+v,)] = (ор) (+) 
I(W+v,) = W+1.v, 
= Чүнү, 


V 
Hence W 1s a vector space. 


y 
The vector space wW is called the quotient space of V by W. 


2.2. LINEAR TRANSFORMATION 


Definition : 


Let V and W be vector spaces over a field Е A mapping T:V->W is called a 
homomorphism if 


1) T(utv) = T(u-T(v) and 

i1) T(au) = aT(u) where «єЁ and u,veV. 

A homomorphism T of vector spaces is also called a linear Transformation. 
i) If T is 1-1 then T is called monomorphism. 
11) If T 1sonto then T is called an epimorphism. 


111) If T is 1—1 and onto T is called ап isomorphism. 


iv) Two vector spaces V and W are said to be isomorphic if there exists an 
isomorphism T from V to W and we write V=W. 


у) A linear transformation T: VF is called a linear functional. 


Examples : 
l. T VZW defined by T(v) = 0 VveV is a trivial linear transformation. 
2: Т.Ү-»У defined by T(v) = v VveV is the identity lienar transformation. 
3: Let V be a vector space over a field F and W a subspaceof V. Then DNA 
defined by Т(у) = W+v is a linear transformation for 
T(v,tv,) = W+(v,+Vv,) 
(W+v,)+(W+v,) 
Tœ tTO) 
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Also T(av,) = W-rav, 
a(W+v,) = aT(v,) 


| 


V 
This is called the natural homomorphism from V to wW 


Clearly T is onto and hence T is an epimorphism. 
4. T:V,(R)>V,(R) defined by 
T(a,b,c) = (a,0,0) is a linear transformation. 


v: Let V be the set of all polynomial of degree < n in R[x] including the zero 


df 
polynomial T: VV defined by T(f) = Чу is a linear transformation. 


d(f +g) df dg 


For, T(f+g) = E HE = a as 
= T(£)+T(g) 
df 
Also T(af) = Me) 268 хат) 


6. Let V be as in Example 5. Then T:V-V,,,(R) defined by Т(ау+ах+....+аџх") = 
(a),a,,.....a,) is a linear transformation. 


For, Let f = agta,xt....... ta x" and 
£g ^" bjytb,xt....... b x" 
Then ftg = (a,+b,)+(a,+b,)xt.....+....(a, + )x® 


T(f+g) = ((a,tb,),(a,+b,),..-..-(a,+b,)) 
EC цаг а 0 ,b,) 
T(f+g) = T(f)*T(g) 


Also T(af) = (Ga), o1a,,.....0a,) - 
= Q(2,54,....... а.) 
= QT(f). 
Clearly Т is 1-1 and onto and hence T is an isomorphism. 
7. Let V denote the set of all sequences in R. 
Т: УУ defined by T(a,,2,,.....,a,,..:..) = (0,a,,2,,...... ,3,,....) is a linear 
transformation. 
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8. Т:В?-»В?2 defined by T(a,b) = (2a—3b, a+4b) is a linear transformation. 


Let | u = (а, b) and v= (c, d) and «eR. 
A T(utv) = T((a,b) + (c,d)) 
= Т(атс, b+d) 


= (2(ажс)-3(0-4), (atc)+4(b+d)) 
= (2at2c—3b—3d, atc+4b+4d) 

= (2a—3b+2c—3d, at+4b+c+4d) 

= (2a-3b, a+4b)+(2c—3d, c+4d) 


= T(a,b)+T(c,d) 
dt T(utv) = T(u-I(v) 
Also T(au) = T(a(a,b)) 

= T(aa, ab) 


= (2aa—3ab, aat+4ab) 
= a(2a—3b, at+4b) 

= aT(a, b) 

aT(u) 


| 


T(au) 


oo T 1s a linear transformation. 


Theorem 2.4: 
Let T: V —DW be a linear transformation. 


Then T(V) = (T(v)yveV! is a subspace of W. 


Proof : 


Let w, and w,eT(V) and acF. Then there exists v,,v,¢V such that T(v,)=w, 
and T(v,) = w,. 


Hence w,tw, = Т(у, )+Т(У,) 

= T(v,+v,)eT(v) 
Similarly aw, = qT(v) 

= T(av,)eT(v) 


Hence T(v) is a subspace of W. 
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Definition : 


Let. V and W be vector spaces over a field F and T:V—W be a linear 
transformation. Then the Kernal of T is defined to be (v/veV and ^" 0) and is 
denoted by Ker T. 


Thus Ker T = (v/veV and T(v) = 0} 


Example : 
1, T VW defined by T(v) = 0 V veV is trial linear transformation. 
oo Ker T = V. 
2. T: VV defined by T(v)-v VveV is the identity linear transformation. Ker T={0} 


Note : Let T:V—W be a linear transformation. Then T is a monomorphism iff Ker 
T={0}. 


3. Let V be the set of all polynomials of degree < n in R[x] including the zero 


dx 
d(f+g) df , og 


df Р 
polynomial T: VV defined by T(f) = — is а linear transformation. 








For, T(ftg) = A = —+-® = тнт (в) 
Also T(af) = Hat ) а-— =al(f) 


oo I:V->W be a linear transformation Ker T is the set of all constant 
polynomials. 
(U:Q) Theorem 2.5 : (Fundamental Theorem of homomorphism) 
Let V and W be vector spaces over a field Е and-I:V—W be an epimorphism. 
Then 1) Ker T = V, is a subspace of V and 


V 
ну: W 
1) Vi 
Proof: 
i) Given V, = KerT 
= (ívlveV and Т(у) = 0) 
Clearly ТО) = 0 
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Hence Qe Ker T = V, 

ə V, is non-empty subset of V. 

Let u,veKer T and a,peF | 

d» T(u) = 0 and Т(у) = 0 

Now T(autBv) = T(au)+T(Pv) 
= qT(u)*BT(v) 
= 0+р0 

T(autBv) = 0 


aut+BveKer T. 


By the theorem : 


Let V be a vector space over a field F. A non-empty subset W of V is a 
subspace of V iff uve W and о,ВєЕ => autpve W. 


Ker T is a subspace of V. 


ii) We define a map 29 >W by $(V ,*v) = T(v). 
ф 15 well defined. 
Let У,у = V,tw 
со у € V,tw 
oo v = v,tw where v,eV, 
do Т(у) = T(v,*tw) = T(v)* T(w) 
| | = 0+T(w) = T(w). 
% 6(V,+v) = 4(V,*w) 
bis 1-1: | 


Q(V,*tv) = ф(У +w) 
= T(v) = T(w) 
=> T(v)-T(w) = 0 
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=> T(v)+T(—w) = 0 
=> T(v—w) = 0 
=> v—w e Кег Т = У, 
=> veV, rw 
=> V,tv=V,tw 
ф 15 onto : 
Let weW 


Since Т is onto Һе, е exists ve V. Such that T(v) = w. 
oo o (V ,+v) = W 
ф CV, tv) 


ф is a homomorphism. 


| 


W 


ll 


ФЕСУ ту) СУ +w)] o[V ,+(v+w)] 


| 


T(v+w) 


| 


T(v)+T(w) 
ФСУ ,+v)+o(V су) 
ф(У tav) 


Also ф[о (У ,*v)] 


|! 


T(av) 


aT(v) 


| 


aT(V +v) 


V 
со ф is an isomorphism from V onto W. 


. V 


oo DE E 


Theorem 2.6 (U.Q) : 
Let V be a vector space over a field F. Let A and B subspaces of V. Then 


A+B - В 


Бнилллланилжилхиидиний 


A АПВ 
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Proof : 
We know that A+B is a subspace of V containing A. 





Hence is also a vector space over F. 


+ 
A 





A+B 
An element of is of the form At+(at+b) where ac A and beB. 


But Ata=A 





A+B., 
Hence an element of is of the form A+b. 


A+B 





Now, consider ЁВ-» defined by f(b) = A+b. 


Clearly f is onto. 


Also f(b, +b.) = A+b,+b,) 
= (Atb)*(Atb,) 
f(b, +b,) = f(b,)+f,) 
and fab) = Arab, 
= Q(Atb,) 
= af(b,) 


Hence f is a linear transformation. 


Let K be the Kernel of f. 





Then K = {b/beB, Atb=A} 
Now, Atb = AiffbeA 
Hence К = ANB 
By the Fundamental theorem of homomorphism. 
В A+B 
ANB ` A 


Theorem 2.7 : 


Let V and W be vector spaces over a field F. Let L(V,W) represent the set of all 
linear transformations from V to W. Then L(V,W) itself is a vector space over F under 
addition and scalar multiplication defined by 


(f+g)(v) f(v)+g(v) 
and (af)(v) af(v) 
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Proof : 
Let f, g e L(V,W) and v,,v,eV. 
Then (f+g)(v,+v,) = f(v,tvjtg(v tv) 
= f(v)*fv;*g(v)t8(v;) 
= fvotg(votf(v)8(vj) 
= (Ё+р)(у,)+(Ё+в)(У,) 
Also (f+g)(av) = f(av)+g(av) 
= af(v)rag(v) 
= alf(v)+s(v)] 
= a(ftg)(v) 
Hence (f+g) є L(V,W) 
Now, (af(v,tv;) = (af(v)*(af)(v;) 
= af(v,)taf(v,) 
= aff(v,)t+fi(v,)] 
= af(v,tv,) 
Also (af)(Bv) = с фУ)Л = a(Bi(v)) 
= Blaf(v)] = (ООС) 
Hence afeL(V,W) 
Addition defined on L(V,W) is obviously commutative and associative. 


The function f:V—W defined by f(v)=0 for all veV is clearly a linear 
transformation and is the additive identity of L(V,W). 


Further (—£): V —^W defined by 

(—f)(v) = —f(v) is the additive inverse of f. 

Thus L(V,W) is an abelian group under addition. 

The remaining axioms for a vector space can be easily verified. 


Hence L(V,W) is a vector space over F. 


Exercises : 


1: Let У апа W be vector spaces over а field Е. Show that a mapping T:V—W is а 
linear transformation iff 


T(av,+Bv,) = aT(v,)+BT(v,) for all vv, eV and ас, єЕ. 
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2. Find the Kernel of the following linear — € 

i) T:V,(R)9 V (В) defined by 

| T(x,,x,.x,.x,) = (x,,0,x4,0) 
it) Т:У,8)-9У. (8) defined by 
T(a, b, c) - (a, b, 0) 

3. Prove that T:V,(R)R defined by T(x,y,z) = x?+y?+z* is not a linear 
transformation. 
Answers : 
2. . (1) Not 1-1, not onto; Kernel (0, a, 0, b)/a,beR} 


(11) Not 1—1, not onto; Kernel ((0, 0, c) / ceR) 


2.3. MATRIX OF A LINEAR TRANSFORMATION 
Definition: 
Let V and W be finite dimensional vector spaces over a field F. 
Let dim V =m and dim W =n. 
Fix an ordered basis {V,,V,,....v,,} for V and an ordered basis (W,W5,....,w,) for 
W. | 


Let T: VW be a linear transformation. We have seen that T is completely 
specified by the elements T(v,), T(v.)...... T(V. 


Now, let 

Т(у,) = a, ү+а, зу у+................ +а, W, 

Т(У,) = a W ,+а„,%®у+............ „Жау, 

—————— PF M ÉL 5 ээ (1) 
Т(у) = ауа 60-6. T aW, 

Hence T(v,), T(v,)......T(v,,) are completely specified by the mn elements a; of 


th field F. These а, can be conveniently arranged in the form of m rows and n columns 
as follows : 
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ат] 42 --- а 


Such an array of mn elements of F arranged in m rows and n columns is known 
as mxn matrix over the field F and is denoted by (а,) Thus to every linear 
transformation T there is associated withit an mxn matrix over F. 


Conversely, any mxn matrix over F defines a linear transformation T: VW 


given by the formula (1). 
Note : 


The mxn matrix which we have associated with a linear transformation T: V—9'W 
depends on the choice of the basis for V and W. 


For example, consider the linear transformation T: V (R)— V. (R) given by T(a,b) 
= (a,atb). 


Choose {e,, е,} as a basis both for the domain and the range. 
Then 1(е,) = (1, 1) = e,*e, 
1(е,) = (0, 1) = е, 


1 1 
Hence ће matrix representing T is | | 


Now, we choose {e}, ej) as a basis for the domain and {(1,1), (1, —1)) as a basis 
for the range. 


Let w, = (1, 1) and w, = (1, -1). 


Then T(e,) = (1, 1) = w,, and T(e,) = (0, 1) = m 1)? 


1 0 
Hence the matrix representing T in | 1/2 —1/ E 


Solved Problems : 


l. Obtain the matrix representing the linear transformation T:V,(R)—V,(R) given 
by T(a,b,c) = (3a, a-b, 2at+b+c) w.r.t. the standard basis {€,, е, е,}. 
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Solution - 


Т(е, = T(1,0,0) = (3,1,2) = 3e,*e,*2e, 
T(e,) = T(0,1,0) = (0, -1, 1) = -ete, 
Т(е,) = T(0,0,1) = (0,0,1) = е, 
» cT 2 
Thus the matrix representing T 15 0 -1 1 
0 0 1 
2. Find the linear transformation 
1 2 1 
T : V,(R)>V,(R) determined by the matrix И , ) w.r.t. the standard basis 


(ё,, €». е,}. 

Solution : 
Т(е,) = e,*2e,te, = (1, 2, 1) 
T(e,) = Oe,te,te, = (0, 1, 1) 


T(e,) = ~e,+3e,+4e, = (-1, 3, 4) 
Now, (a,b,c) = а(1, 0, 0)+b(0, 1, 0)+с(0, 0, 1) 
= ae,tbe,tce, 
oo T(a, b, c) = T(ae,+be,+ce,) 
= aT(e,)+bT(e,)+cT(e,) 


= а(1,2,1)+00,1,1)+с(-1,3,4) 


T(a, b, c) (а-с, 2atb+3c, atb+4c) 


c» This is the required linear transformation. 


Exercises : 
ЇР Obtain the matrices for the following linear transformations. 
a) T: V (R)— V4(R) given by T(a,b) = (Ы, a) w.r.t. 
i) standard basis 


ii) the basis {(1, 2), (1, —1)} for both domain and range. 
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b) Т:У,(В)-уУ.(В) given by Т(а, b, c) = (a+b, 2c-a) w.r.t. 
i) standard basis 
ii) ((1,0,—1), (1, 1, 1), (1,0,0)} as a basis for V,(R) and ((0,1) (1,0); for 
У (К). B | 
2: Obtain the linear transformation determined Бу the following matrices. 
| cos0 —sin® l 
a) T: V, (R) V,(R) given by Sx. сов W.r.t. the standard basis. 
a b c 
b) T: V4(R)— V4(R) given by b c w.r.t. the standard basis. 
с a 
[2 1 -1 | 
с) T: V, (R)— V,(R) given vy |1 1 1 w.r.t. the standard basis. 
Answers : 
21 5 
20:11 ‚| „3 
lL (е Olo G)| 2 1 
3 3 
1 1 -3 ] 
œ (|l? (ii)| ! 
0 2 -1 
2 (a) T(a, b)  (acosO--bsinO, -asin6+bcos6) 
(b) T(x, у, 2) = (axtbytez, bx+cy+az, cxt+ay+bz) 
(c) T(a, b) = (2а+Ы, a+b, —a-b) 
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LINEAR ALGEBRA UNIT - 3 


MATRICES 


In this chapter we shall develop the general theory of matrices. Throughout this 
chapter we deal with matrices whose entries are from the field F of real or complex 
numbers. 


3.1. ALGEBRA OF MATRICES 


Definition : 


Let F be an arbitrary field. A rectangular array of the form 


311 412 -= aln 


421 422 ... @9n 
am] am? eee amn 


"Where the a; are scalars in F, is called a matrix over F or simply a matrix. 
The above matrix is also denoted by | 

(а;,), ЕРУ „m, J = 1,2,....,n or simply by (aj) 

The m horizontal n-tuples 


(а; 815,4 8,,), (854,855,....... а5 узш (d us d ЖИ ain) аге the rows of the 


811 812 ain 
821 822 ап 

(72 quercum are its column. 
ат] 4am? amn 


Note that the element а,, called the 1j - entry or ij - component, appears in the і 


row and the j column. 


A matrix with m rows and n column is called an m by n matrix, or mxn matrix; 
the pair of numbers (m, n) is called its size or shape. 


If m =n, A is called a square matrix of order n. 
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Definition : 


Two matrices A = (a;) and B= (bj) are said to be equal if A and B have the 


same number of rows and columns and the corresponding entires in the two matrices 
are same. 


3.2. MATRIX ADDITION AND SCALAR MULTIPLICATION 
Definition : 


Let A and B be two matrices with the same size. (1.6.,) the same number of rows 
and columns, say mxn matrices. 


ајр 812 -- ар bi] bio .. bim 

аз] 422 -- 421 boi b22 -~ b2n 
A=| ... И" and В = 

ат] 9202 -- атп bm] bm2 -- bmn 


The sum of A and B, written A+B, is the matrix obtained by adding 
corresponding entries. 


a1 1 + 61 аү12-012 .. a]pn-tbign 
a21 + 621 a22 + 05)  ... 320 + бәл 
А+В = 
amj +631 8m2*bm2 -- Amn "Эр 
Example : 
1 3 2 
ЖА =12 >| anag- |! ° 
8 7 0 -1 


QV OO у 


3 
Then A+B = |? 
8 


The product of a scalar k by the matrix A, written k.A or simply КА, 18 the 
matrix obtained by multiplying each entry of A by k : 
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ka ka15 ... kain 


ka ka .. Ка 
TEE | 221. 5822 2n 


kami Kam? .. Kamn 
We also define —A = —1. А апа A-B = A+(—B). 
Note 1: 
A+B and kA are also mxn matrices. 
Note 2: 


The sum of matrices with different sizes is not defined. 


3.3. MATRIX MULTIPLICATION 
Definition 
Let A = (а„) be an mxn matrix and В-(0,) be an nxp matrix. We define the 


product AB as the mxp matrix (С,) where the ij^ entry C; is given by 


I 
Ш Ш Aa bii 
Ci = а;101;7а;05;+ "P +a,,b,; нэ 2: 1К kj 


Note 1 : 


The product AB of two matrices is defined only when the number of columns of 
A is equal to the number of rows of B. 


Note 2 : 


The entry C; of the product АВ is found by multiplying і? row of A and the үй 
column of B. То multiply a row and a column. We multiply the corresponding entries 
and add. | | 


Examples : 


1 2 4 0 1 0 
L — LetA-| 2 9 2} anaB=|7! ? ^. Find AB. 
7 0.0 1 
1 -2 4/70 1 0 -5 10 
АВ-|-3 9 25-13 -3|- 3. d 


pi (1) ма ы 
© bw Сл m 


102 3 
2. LetA -|0 2 1 1їам8- 
100 1 


A is a 3x4 matrix and B is a 4x2 matrix. Hence the product AB is a 3x2 matrix 


and 
1023)! 
02 1111, ° 
АВ = 3 2 
1 00 1 

1 0 

10 5 

_ |6 12 

2 1 


Note that in this example the product ВА is not defined. Even if the product BA 
1s defined, AB need not be equal to BA. | 
2 3 1 
1 3 
0 2 


A 


3. Let A 


үрээд 


иь 

lt 
eo 
сә E 
m- C5 


Then AI- ІА = A. 


[^ 3 | 1 0 0| 
Ar = [1 3 4||0 1 0 
0 1110 0 1 
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10 0][253 1 
IA = {9 10111 3 4 
O O 1110 2 1 
[2 3 1 
411304 
0 2 1 
oo AI = ІА = А 
4. Consider the square matrix of order п given by 
1 оо. 90 
0 1 о. O 
Dom 
Оооо 1 


Let A be any mxn matrix. Then LA = А. 
Also if A is an mxn matrix, AI, = A 

If A is any пхп matrix, AI, - LA = А 

In is called the identity matrix of order n. 


We shall denote the identity matrix of any order by the symbol I. 


Solved Problems : 


1 2 2 
_|2 1 2 2 = 
l. If A = show that A-—4A—512 0 
2. 2 2 | 


Solution : 


1 2 211122 
А? = АА = 2 1 2 2 1.2 
2.2 2112 2 2 
9 8 10 
_ |8 9 Д 
10 10 12 | 
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A 
> 
| 
nh 
№ 
Эн 
NJ 
| 
ОО 


ОО 


g 10] Га 8 8115 0 0 
azaga sr = |8 9 10|-|8 4 8-|0 5 0 
| 10 10 121 (8 8 8| (0 0 5 

00 2 

-10 0 21.д 
22 -1 
8, А2-4А-51-0 
231 


2 A Show that the matrix A —| > 1  ? | satisfies the equation A(A-I)(A+2I)=0. 
-5 2 4 


Solution : 


-3 1 
-13 0 3 
-5 2 -5 


| 
| 
U3 
үний 
М 
мо 
о © 
| 
„ы 4 
ы |! 
Q3 
Uð m= 


А-21 3 1 31410 Эн 
-5 2 -4(10 0 2 -5 2 -2 
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Now, 


| 
UJ 
А 
UJ 
UJ 
© 
ЭЭ 
25 
UJ 
UJ 


А(А-І)(А+21) = 


Hence А(А-0(А-21) = 0. 


A iP [А omn 
3: Prove that о al 10 jn 


Solution : 


We prove this result by induction on n. When n = 1 result is obviously true. 


Let us assume that the result is true for n = k. 

| х 171% ak kak- 

di 0 A о 2x 

| A 1ra 1 AK КК-1 b 1 
um о х о л lo ak fo X 


О ‚К+1 


_ - 


oo The result is true for n = k+1 


Hence the result is true for all positive integers n. 
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Exercises : 
l. Write down six pairs of matrices A and B such that the product AB is defined 


and in each case compute the product AB and also define & compute BA. 


2. Show that if A is an mxn matrix, then AB and ВА are both defined iff В 15 an 


nxm matrix. 


3. If A and B are two matrices such that AB and A+B are both defined, show that 


A, B are square matrices of the same order. 


1 5 3 0 1 2 
4. 1есА-10 2 -1| andB={0 2 3| compute A, В?, AB and ВА. 
1 0 -2 ] 3 1 


1 0 2 
5. IfA=|9 2 1] prove that A*-6A2+7A+2I = 0 
2 0 3 


3 =й 142k —4k | 
6. Prove thatifA= |, _, |, then Ak = k 1-2к| for any positive integer k. 


Theorem 3.1 : 
Let A be an mxn matrix, B an nxp matrix and C be an pxq matrix. Then A(BC) 
— (AB)C. 
Proof: 
Let A = (2;), B = (b,) and С = (Cj). Let us find the rs? entry in A(BC). 
The r? row in A is а ,а,,,......,а 


The 89 column in BC consists of the elements ZD jC xb Hence the rs? 


entry in A(BC) 18 a,, Zb,0,* posue +а 22063; 


njC js 


| 
М 
D 
EB 
Mo 
m 
= 
LP 
С) 
UC 
UD 


| 
M 
M 
e 
d. 
Ee 
Un 


Let us now find the rs“ entry in (AB)C. 
The г row in AB is 
Yajb;,, Xa;b,,....... Уа 0; 


The s™ column in C is c,,, С,.,....... .С 


Hence the rs? entry in (AB)C is 


Thus A(BC) = (АВ)С. 


Theorem 3.2 : 


Let U,V,W be vector spaces of dimensions m,n&p respectively over a field F 


with respective bases Hs sss]. {У V5 o Vj and UV p Was WpS- 


Let T U>V and T,:V—>W linear transformations and М(Т,) and M(T,) their 


corresponding matrices with respect to these bases. 


Then M(T,*T,) = M(T,)M(T,) 


Proof: 


М(Т,) and is an mxn matrix and М(Т,) is an nxp matrix. Hence the product 


M(T,)M(T,) is defined and is an mxp matrix. 


Let М(Т,) = (а,) 
and -— М(Т,) - (0,) 
Then, T,(u) = К ау; 
а T 3 рум 
ап у.) = КҮК 
D Xa 
oo (TTD) ын 2 Ew 


n p 
2, ai 2, bikWk 
j=) kel 


n P 
> > (а бк (wy) 
ERA ыг | 


Thus M(T»^*Tj) ын М(Т,)М(Т,) 
Note 1: 


Thus multiplication of two matrices is equivalent to the composition of their 
corresponding linear transformations in the reverse order. Since composition of linear 


transformation is associative we get matrix multiplication is associative. . 
Note 2: 


Let M, (F) denote the set of all square matrices of order n over the field F. Then 
matrix multiplication is an associative binary operation on М (БЕ). If A, B, CeM,(F) the 


two distributive laws. 
A(B+C) = AB+AC and (A+B)C = AC+BC can be verified. 
Since М (Е) is already an abelian group under matrix addition we see that М (ЕЁ) 


is a ring. 


Solved Problems : 


1. Find for what values of x will 
2 1 011х 
(х 4 1) 1 0 2|]4|] _ 0 
0 2 4111 


Solution : 


2 1 01|х 
(x 4 11 0 21141 „_ у 
02 4||1 
2х+4 
(x 4 1) х+2 | _ р 
12 
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2х2+4х+4х+8+12 = 


2x?-8x420 = 
х2+4х+10 = 0 
22 —4 X 316 — 40 
2 
~44+J/-24  -Ari246 
- АЗ = at ive 
2 2 
Je X = .2+146 
m 1 2 
2. If the determinant | - 1! 0 3 | of this matrix is 7. Then Find the value of m. 
5 -1 4 
Solution : 
m 1 2 
-1 0 3 _ 7 
5 -1 4 
m(3)—1(-4-15)+2(1) = 7 
3m+194+2 = 7 
3m = 7-21 
3m = -14 
2 || —14 
оо m 3 
Exercises : 
1 -1 0 1 0 
| I -t 1 0 1 -1 0 1 
1. Using A = , B = ‚ C= test the associative law 
5 0 1 
] 1 1 1 1 
A(BC) = (AB)C for matrix multiplication. 
2 1 311 
2 Compute (2 1 3)4 -1 2112 
0 1 41114 
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DL 2. 5 
3, Find for what values of x will (3 X 2) 0.1 Lise 
0 0 112 
| 10 0 1 0 0 1 2 3 
4. Given Маг: о 2 OJAIO 0 11-14 5 4 | find the matrix A. 
0 0 -3 O0 1 0 3 2 1 


3.4. THE TRANSPOSE OF A MATRIX 


Definition : 


Let A = (а;) be an mxn matrix. Then the nxm matrix B = (b;) where b; = a; is 
called the luus of the matrix A and it is denoted by A‘. Thus АТ | is obtained from 
the matrix A by interchanging its rows and columns and the (i, j)™ entry of AT = (},1)® 
entry of A. 


For example, 


ӊ ҥе 
æ UJ) N 


5 
If A — 2| then AT = | 4 
0 


5 


O N m 
p US UJ 
м = B 
МЭ 

O N н © 


Clearly if A is an mxn matrix, then AT is an nxm matrix. 


Theorem 3.3 : 
Let A and B be two mxn matrices. Then (i) (АТ) = А (ii) (A+B)! = АТ-ВТГ, 


Proof : 
(i) The (i, j)* entry of (АЛ) 


- 
c 


(3, i)" entry of AT 
= (i,j) entry of A 
E (ANT = A 
(ii) Тһе (i,j) entry of (A+B)'= (j, i)* entry of A+B 
= (j, i)" entry of A+(j, i)" entry of B 
= (i, j)® entry of AT +(i, j) entry of BT 
= (i, ј)® entry of (АТ+ВТ) 


oo (A+B)! кз АТ+ВІ. 
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Theorem 3.4 : 


Let A be an mxn matrix and B be an nxp matrix. Then (АВ)! = ВТАТ. 


Proof : 


By hypothesis AB is defined and it is ап mxp matrix. Hence (AB)! is a pxm 
matrix. 


Further BT is a pxn matrix and AT is an nxm matrix. 
Hence, the product ВТАТ is defined and it is a pxm matrix. 


Now, Let A — (a), B- (5,) and AB = (с). 


n 
The (i, j)® entry of AB = c; = Lu: 
n 
® The (i, j)* entry of (АВ)? = с, = NEM. 


Now the i“ row of BT is the it" column of B and it consists of the elements 
ОВ ‚Б... Also the ј® column of AT is the ј® row of А and it consists of the 


elements а ау... LN 


Hence the (i, j) entry of 
BIAT 


b ца, (19548, TE шон 


! 


> Dia jk 
k=1 
= (i, j)* entry of (АВ), 
Hence (AB)! = ВТАТ. 
Definition : 
Let A = (a;) be a matrix with entries from the field of complex numbers. The 
conjugate of A, denoted by A, is defined by A = (aij). 


А! is called the conjugate transpose of the matrix A. 


For example, 


3 2+1 1+ 215 web 14 
"TEE E deu д 4 дийг 
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Solved Problem : 


2i 344i 0 0 2 6 
i à bessi a TD: 2. = Фо 
3 .2i 4 2 0 2 


Find AT, BT, AT, AT, BI, BI, (a « B), АГ-В",(АВ) ,BlAT. 


Solution : 


21 1+1 3 О —1 2 
Ad ы 3-41 1-1 21 BT = 2 4 0 
0 1 4 6 6 2 
-21 1-1 3 10 -1 2 
AT = |3-4i 1+1 -21 pl – |2 4 0 
0 -1 4 6 6 2 
-21 1-1 3 0-1 2 
AT = |3-4 1+1 -21 Bl. = |2 4 0 
| 0 -i 4 6 6 2 
21 5-41 6 
(A+B)? nes 1 5—1 6+1 um 5-41 5-1 
5 21 6 6+1 
2i 1 5 
6 6+1 6 
-3-41 12+201 184361 [-3-4i -14+3i 8-21 
(АВ)Т = lok 22021 12-21 2112-4201 6-21 64-81 
8-21 6-8: 264121 118+ 361 12-21 26+121 
-3-41 -1+31 8—21 
18 +361 12 +21 26+121 


Note : (AB)! = BTAT, (A+B)? = АТ-ВТ, 
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Theorem 3.5 : 


Let A and B be matrices with entries from C. Then 





А + 
(11) КА=КА, where k eC 
(iv) A=A © all entries of A are real 
(vy)  AB- AB provided AB is defined 
(vi) (A) =A! 


The proof of the above results are immediate consequences of the corresponding 
properties of complex numbers. 


Exercises : 
2 3 5 1 0 1 
| SéA-|! 2 O| аав-(! 2 3 
1 3 1 4 2 3 


Find AT, ВТ, (A+B)? (AB)! and ВТАТ, 

3i 2+1 1 1 -1 0 

2. Let A — 1-1 1+21 0| ааав-19 3 2 
21 3 2.3 2 


Find A, A+B, AB, AB, АТ, BI, ATB and AB’. 


3.5. THE INVERSE OF A MATRIX 


b 


1 has an inverse iff |A| = ad—bc+0 and the inverse of A 


a 
A 2x2 matrix A = : 


114 -b 
is given by al . 4 | Such matrices are called non-singular. In this section we shall 


describe the method of finding the inverse of any non-singular matrix of order n. 
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Determinants : 


The determinant of a squase matrix A, denoted by det A or |A], is a scalar. If the 
matrix is written out as an array of elements, then its determinant is indicated by 
replacing the brackets with vertical lines. 


For 1x1 matrices, 
det A = |a,,| = a4. 


For 2x2 matrices, 


411 212 
421 822 


det = a1 1822 — 81222] 








Determinants for пхп matrices with n>2 are calculated through a process of 
reduction on and expansion utilizing minors and co-factors, as follows. 
Definition : 


Let A = (ai) be an nxn matrix. If we delete the row and the column containing 
the element aj We obtain a square matrix of order n-1 and the determinant of this 
square matrix 15 called the minor of the element a; and is denoted by М,. 


The minor Mj; multiplied by (-1)'? is called the cofactor of the element а, and 
is denoted by А,, 


® A; = (-1)5 M. 


Example : 
aj] 412 413 
Let A = | 221 222 423 
a31 432 933 


Corresponding to the 9 elements a... we get 9 minors of A. 


ij? 








| | a22 423 | | 
For example, the minor of a,, is M,, = ee duis and the minor of a,, is MA = 
àj] 412 
азі 432 








The cofactor of a,, is A, =(-1)7M,,=M,, 


The cofactor of a, is A,, = C1)” Mj, = —M,, 
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If A 


| 


0 
3 
© 


a A m 


2 
>| then |A| = ? 
8 


з 3,8 4 
o) +2 


0—1(24—30)+2(21—24) = 6-6 = 0 


Al 


| 


Definition : 
A square matrix A is said to be singular if |A| = 


A 15 called a non-singular matrix if |A| = 0. 


Remark : 


The rule for multiplying two matrices is same as the rule for multiplying two 
determinants. 


Hence it A and B are two пхп matrices |AB| = |А | IB! 


Theorem 3.6 : 


The product of any two non-singular matrices is non-singular. 


Proof : 


Let A and B be two non-singular matrices of the same order. Then |A|#0 and 
[В|*=0. 


до |AB| = ГА | IBI + 0 
Hence AB is non-singular. 


Note : Sum of two non-singular matrices need not be non-singular. For, if A is any 
non-singular matrix then —A is also a non-singular matrix and A+(—A) is the zero 
matrix which is obviously a singular matrix. 


Definition : 


Let A = (a, j) be a square matrix. Let А, denote the co-factor of а, . The 
transpose of the vates (A. j) is called the adjoint or adjugate of the matrix A айа 15 
denoted by adj A. 


Thus the (i, j) entry of adj A is Ai. 


Note : If A is a square matrix of order n then ад) A 1s also a square matrix of order n. 


E: 
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0 2 
Let А = 3 1-1 
-2 1 3 
1-1 
Then Ay = 1 3 = 4 
3 -1 
Ay = 712 3,777 


Similarly other co-factors can be calculated and we get 
Ату Ag) Аз 4 2 -2 


adj A = (312 A22 Аз2|-1-7 7 7 
A13 A23 


> 
Ua 
(957 
CA 
| 
[ти 
jaah 


[1 0 214 2 2 14 O 0 


А (ајд) = 13 1-1|-7 7 71-10 14 0 
2135 -1 1 0 о 14 
4 2 -2[1 0 2 14 0 0 
(гай АХА = |7 7 7]|3 1 -1|.|0 14 0 
5 -i 1|-21 3 0 O0 14 
& A (adj А) = (adjA)A 


Theorem 3.7: 
Let A be any square matrix of order n. 


Then (adj A)A = А(а4) A) = JAJI where I is the identity matrix of order n. 


Proof : 


The (i, j)™ element of (A (adj A)) 


aiKA jk 


[| 
Мо 
| Ms 
== 


О if ix j 
lAlifi-j 
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0 ЈА 0 
Е A(adj А) = 1 
0 O0 .. ЈА 

= JAJI 


Similarly, (adj A)A = JAJI 
Hence (adj А)А = A(adj A) = {Aj I. 
Note : 


] 
Suppose |А| # 0. Now, consider the matrix B = Jaj adj A. 


A ded a) 
А 


Then — AB 


1 
A adi -т-01А.. 
( adj A) = ТА = J 


Similarly BA = I 
Thus AB = BA - I. 
Definition : 


Let A be a square matrix of order n. A is said to be invertible in there exists a 
square matrix B of order n such that AB = BA = I and B is called the inverse of A and 
is denoted by A^. 


Note : 


The invertible matrices are precisely the units of the ring М (F). 


Theorem 3.8 : 


A square matrix A of order n is non-singular iff A is invertible. 


Proof : 
Suppose A is invertible. 


Then there exists a matrix B such that AB = BA =I. 
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Hence |AB| = Ш = 1 

oo |А | ІВ | = 1 

Hence |А | = О so that A is non-singular. 
Conversely, let A be non-singular. Hence |А |0. 


1 


Now, Consider the matrix B — ГАГА. 


Then AB — BA —I 


oo A 15 invertible and B 15 the inverse of A. 


Solved Problems : 


Solution : 





2 -1 
Compute the inverse of the matrix A — -15 6 
5 —2 
2 —] 1 
IA] = 215: 6 Е | 
5 —2 2 
Since |A| = О, A is non-singular. 
TP adj A 
Hence A^! exists and is given by A^! — Al 


Ау] A2j Аз 


Now, we find adj А = | 12 422 A32 |. 
A13 A23 A33 


Where Ai; G, J = 1,2,3) are cofactors of a. 


6 —5 | 

Ay = j2 5|72 Ay = 07 
-15 6 

Аз = 5 —2 = 0; won i 
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5 2 23 S .2 
11 2 1 
Ау = dg 5 =-1; А» = cis s 7-5 
2 -l 
Аз = |15 677—3 
2 0 ~i 
Hence adj A = Э e 
О -1 -3 
2 0 -1 -2 
Y -1 = —5 -1 -5|.|-5 
we A^! =. ж = 


1 1 1 
i . 1 o o? 
2) If w = е27/3 find the inverse the matrix A = 2 
1 Ф (D 
Solution : 
We note that œ? = 1 
1 ]1 ] | 
2 
A] = I | со = 1(9^—0*)-1(0o—02?)*-1(o?—0) 
1 o ( 


2 


| 


-40-0-032--032--0) 


307-30 = 3(02—0) 


о) 


! 


adj A 
[Al 





Since |A| = 0, А is non-singular. Hence A^! exists and is given by A^! = 


Now, adj A = 


3) Show that a square matrix 


Solution : 


Suppose A 15 orthogonal . 


So IAAT| = Щ 
So A] [АТ 
со IAT |A] 
So (Al 
c» A! exists. 

Now, A^ (AAT) 
8, (A71 A)AT 
oo ТАТ 
A AT 
Conversely, let AT 
Then ААТ = ААС! 
Similarly, ATA 


Hence A is orthogonal. 
4) 


Solution 


02-00 o? —o o? —o 
= ; o-o  o-1 1-02 
3 -о) o-o l-o сә -—1 
í Сэ e O 
_ —j0 1 —1-@ 
— 30 
o -l-o 1 


A is orthogonal iff A^! = AT. 


Then AAT = I. 
1 
1 
1 


O and hence A 15 non-singular. 


А-1 
A! 
A^! 
A! 


Show that a square matrix A is involutory iff A = АС! 


Suppose A is involutory. Then A? = I 


IA*| 
ГАЛ = |A] |A| 


. Hence 


о 
оо 


— 
rd 


1 
1 
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до |A| = О апа hence А is non-singular. 


o» A! exists. 


Now, А-ҚАА) = AY 
(ATA)A = A^ 

IA = A! 

A = Ad 

Conversely, let A = A! 


Then А? = АА-АА! = І 


oo A is involutory. 


Theorem 3.9: 


Let V and W be vector spaces of dimension n over a field F with bases 
V, V5,....V, and W,,W,,....W, respectively. Then a linear transformation T:V—W 15 non- 
singular iff the associated matrix 15 non-singular. 


Proof : 
Let T:V—W be a non-singular linear transformation. 
Then T 1s 1-1 and onto. 
Hence T-:: WV is also a linear transformation. 


Let A and B be the matrices representing the linear tranformations T and T^! 
with respect to the chosen bases. | 


By theorem 3.2 : 


Multiplication of the matrices A and B is equivalent to the composition of the 
corresponding linear transformation T and Т-!. 


Also T*T^! and T-!*T are identity transformations. 

Hence AB = BA = I. Thus A has an inverse B. Hence A is non-singular. 
Conversely, let А be a non-singular matrix. Then Аг! exists. 

Let S:W—V be the linear transformation determined by the matrix A^. 
It is easily verified that TeS = SeT =I 

Hence T has an inverse linear transformation S. 


Hence T is a non-singular linear transformation. 
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Exercises : 


l. Compute the inverse of each of the following matrices. 
1 0 0 8 -1 -3 
-5 1 2 
фу чач о) |^ 
0 1 0 10 -1 -4 
2 1 -l 1 2 3 
5 2 -3 -2 2 1 
2 2 -3 cosa -sina 0 
(e) - 2 2 (f) sina cosa 0 
2 -3 2 гс 0 0 1 
2. Show that the set of ай non-singular matrices of order n over a field F 15 a 
group under matrix multiplication. 
3. If A and B are non-singular matrices of order n prove that (АВ)! = B! A^!. 
4. If A is a non-singular symmetric matrix prove that A ! is also a symmetric 
matrix. 
5. If A is a non-singular matrix, prove that (AT)! = (A-!)f. 
6. If A is orthogonal, prove that А! is orthogonal. 


3.6. TYPES OF MATRICES 


Definition : 


An ]xn matrix is called a row matrix. Thus a row matrix consists of 1 row and 
n columns. It is of the form (a,,, 4,5, a4,,.....,a,,). 


Definition : 
An mx1 matrix is called a column matrix. Thus a column matrix consists of m 
411 


a 
rows and 1 column and it 1s of the form " 


ат] 
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Definition : 


Let A= (а) be a square matrix. Then the elements a,,, а...,......,а are called the 
diagonal elements of A and the diagonal elements constitute what is known as the 
principal diagonal of the matrix A. A square matrix is called a diagonal matrix if all 
the entries which do not belong to the principal are zero. Hen.e in a diagonal matrix 


a; = 0 if 15). 


For example, 15 a diagonal matrix. 


со Ф N 
се ge c 
л © © 


Definition : 


А diagonal matrix in which all the entries of the principal diagonal are equal is 
called a scalar matrix. 


5 0 
For example, (0 5 0 | is a scalar matrix. 
0.0 5 


© 


Definition : 


A square matrix (a;;) is called an upper triangular matrix if all the entries 
above the principal diagonal are zero. 


Hence a; = 0 whenever i<j in an upper triangular matrix. 


Definition : - 


A square matrix (ai) is called a lower triangular matrix if all the entries below 
the principal diagonal are zero. 


Hence а; = 0 whenever 12) in an lower triangular matrix. 


0 1 2l. | 1 0 о 
For example, 18 a lower triangular 15 upper triangular. 
0 0 5 1 14 0 
3 2 1 1 


Clearly a square matrix is a diagonal matrix iff it is both lower triangular and 
upper triangular. | 
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Definition : 
A. square matrix A = (a;;) is said to be symmetric if à; = aj; for all 1, 1. 


For example, 


are symmetric matrices. 


В WN н 
л С OWN 
С\ бу» 
ч С л A 


Theorem 3.10: 
A square matrix А is symmetric iff А = АТ. 


Proof : 

Let A be a symmetric matrix. 

Then the (i, j) entry of A. 
= (j, 1)" entry of A 
= (i, j)™ entry of A'. 

Hence А = АТ 

Conversely, let A = АГ 

Then (i, j)“ entry of A = (1, j)™ entry of AT 
= (j,i)! entryof A 


Hence A is symmetric. 


Theorem 3.11: 


Let A be any square matrix. Then A+A! is symmetric. 


Proof : 
(А+АТ)Т = AT+(AT)T 
| = АГА 
= A+A! 


Hence A+A! is symmetric. 


9] 


Theorem 3.12 : 


Let A and B be symmetric matrices of order n. Then 

(1) А--В is symmetric. 

(11) АВ is symmetric iff AB = BA 

(11) AB+BAis symmetric 

(iv) If 15 symmetric, then kA is symmetric where keF 


Proof: 


(1) 


(iii) 


(iv) 


(A+B)! = A'+B! = A+B (since A and B are symmetric) 
oo A+B is symmetric. 


AB is symmetric. 


e (AB)! = AB 
e BAT = АВ (by theorem 3.4) 
<> ВА = АВ 
(AB-BA)! = (АВ)У- (ВА) 
= BTATATBI 
= BA+AB (since A and B are symmetric) 
= AB+BA 


oo AB+BA is symmetric. 
(kA)? = КАТ = kA (since A is symmetric) 
oo KA 1s symmetric. 


Definition : 


Note : 


A square matrix A = (а,) is said to be skew symmetric if а, = —a,,, for all 1, J. 


Let A be a skew symmetric matrix. Then а. = —a... 
Hence 2а. = 0 
(1.е.,) а. = О for alli. 
Thus іп a skéw symmetric matrix all the diagonal entries are zero. 
Ё 2 О -3 -1 
0 | 3 О 2 | are examples of skew symmetric matrices. 
1 -2 0 
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Theorem 3.13: 


A square matrix A is skew symmetric matrix iff A =—AT. 


Proof : 

Let A be a skew symmetrix matrix. 

Then the (i, j) entry of A 
= —(j, i)" entry of A 
= —(i, j)! entry of AT 

Hence A = —AT 

Conversely, let A = —AT 

Then (i, j) entry of A = —(i, j)* entry of AT 
= —(j, i)" entry of A 


Hence A 1s skew symmetric. 


Theorem 3.14 : 


Let A be any square matrix. Then А-А? is skew symmetric.. 


Proof : 
(А-АТ)Т = АТ-(АТ)Т 
= АТА = (A-AT) 

Hence A—A! is skew symmetric. 
Theorem 3.15: 

Any square matrix A can be expressed uniquely as the sum of a symmetric 
matrix and a skew symmetrix matrix. 
Proof : 

Let A be any square matrix. 


Then A+A! is a symmetric matrix (by theorem 3.11) 


1 | | ЯГ 
oo SATA) is also a symmetric matrix. 


1 
Also 23 -A?} is a skew symmetric matrix. (by theorem 3.14) 
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Now, A= (А AT) ez (A -AT) 


oo А is the sum of a symmetric matrix and a skew symmetric matrix. 


Now, to prove the uniqueness, let A = R+S where S is a symmetric matrix and R 
is a skew symmetric matrix. 


We claim that S = =(A +AT) 
and R = (А — AT) 
A= 548 00000 —— (1) 


АТ = (S+R) = 51-81 
= S-R (since S is symmetric and R is skew symmetric) 
c Al = SR . | |  ——.»,» ----- (2) 
From (1) & (2) we get, 


$ = _(А+АТ) 
апа R = З(А-АТ) 


Theorem 3.16: 
Let A and B be skew symmetric matrices of order n. Then 
(1) A+B is skew symmetric. 
(1) КА is skew symmetric, where keF. 
(iii) А?" is a symmetric matrix and A2"*! is a skew symmetric matrix where n is any 
positive integer. 
Proof : 
Let A, B be skew symmetric. 
(1) (А+В)! = AI«B! 
= -А-В (by theorem 3.13) 
= —(A+B) 
oo A+B is skew symmetric. 
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(1) (kA)! = КАТ = —kA (since A is skew symmetric) 
oo КА is skew symmetric. 


(i1) Let m be any positive integer. 


Then (AWT = (ДА........... m times)! 
= (—A)(-A)....... (—A) (m times) (since A! = —A) 
= (17989 


A™ ifm is even 
oo (Amt ын 


—A™ if m is odd 
со A" 16 symmetric when m is even and skew symmetric when m 15 odd. 


Definition : 


A square matrix A — (а,) is said to be a Hermitian matrix if a; — 8ji for 


alli, J. A 1s said to be а skew Hermitian matrix iff a; = -aji for all i, j. 
Example : 
| 2 -2«2i 3 
-2—21 ! 1-11 is a Hermitian matrix. 
3 1—1 0 
0 —a +ib ib c+id о | 
latib o Pl-c+id ib are skew Hermitian matrices. 
Note : 
L. Any Hermitian matrix over R is a symmetric matrix and any skew Hermitian 


matrix over R is a skew symmetric matrix. 


ee 


2: Let A= (a) be a Hermitian matrix. Then а. = a; 


Ü and hence а. 18 real for all 1. 


3. Let A = (а,) be a skew Hermitian matrix. Then а; = —а and hence aj = 0 or 


purely imaginary for all 1. 


Theorem 3.17 : 


Let A be a square matrix. 
(1) A 1s Hermitian 1ff A — A? 
(ii) A is skew Hermitian iff A = -А! 
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Proof : 


G) 


(11) 


Let A be a Hermitian matrix. Then the (i, j)th entry of 
A = (j,i)" entry of A 


= (i,j)" entry of At 


Hence A = A 
Conversely, let A = Al 
Then (i, j) entry of A = (i, j) entry of At 


= (j,i) entry of A 


Hence A is Hermitian. 


Let A be a skew Hermitian matrix. 


Then the (1,3) entry of A=  —(j, i)" entry of A 


= (i, j) entry of A! 


Hence A = жі 
Conversely, let A ыд 
Then (i, 8)? entry of A = —(i,j)* entry of A! 


= —(j, i)" entry of A- 


Hence A 15 skew Hermitian. 


Theorem 3.18 : 


G} 
(11) 
(111) 
(iv) 
(v) 
(v1) 
(vi1) 


(viii) 


Let A and B be square matrices of the same order. Then 

A, B are Hermitian => A+B is Hermitian. 

A, B are skew Hermitian => A+B 15 skew Hermitian. 

A 15 Hermitian => 1А is skew Hermitian. 

A is skew Hermitian => iA is Hermitian 

A is Hermitian and k is real — kA is Hermitian 

A 1s skew Hermitian and k 1s real > КА 15 skew Hermitian 
A, B are Hermitian => АВ-ВА is Hermitian 


A, В are Hermitian => АВ-ВА is skew Hermitian. 
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Proof : 


(1) 


(11) 


(iii) 


(iv) 


(v) 


(vi) 


(vii) 


A+B a 


c» A+B is Hermitian. 


-(A+B) 


c A+B is skew Hermitian. 


SGA)" 


c 1А is skew Hermitian. 


ЧА) = 


c» 1А is Hermitian. 


(КА): 


o> КА is Hermitian. 


(-KA) = 


© КА is skew Hermitian. 


(AB+ BA)! = 


(А +В) 


A! +B! 
A+B (since A and B are Hermitian) 


-(А + B)! 
-А!-8В! 


A+B (since A and B are skew Hermitian) 


(iA). 


iA! = 1A (since А is Hermitian) 


А! 


iA (since А is skew Hermitian) 


КА! 


kA (since A is Hermitian) i.e., A= АТ 


-КА! 


КА (since A is skew Hermitian) i.e., A = ЗАГ 


oo АВ--ВА 15 Hermitian. 


i 


(viii) -(&B-BA)! 


(XB)! - (BA)! 
Bx! xig 
ВА+АВ 
АВ+ВА 


-(&B-BA)' 

-(АВ-ВА) 

-( (AB) -(82)") 

-(В"АТ) _ (ATB")) 

-(ВА-АВ) Со. А, B are Hermitian) 
AB-BA 


oo АВ-ВА 1s skew Hermitian. 


Theorem 3.19 : 


Let A be any square matrix. Then 


(i) A+A" is Hermitian. 


(11) А-А! is skew Hermitian. 


Proof : 

() Let A+A! = 
Then B ^ 
oo Bi = 


Hence A-- A? is Hermitian. 


(i) ^ Let А-А! = 
Then B ~ 
co B! = 


pI = -(AT~A) 


=. A-A! =B 


Hence A-At is skew Hermitian. 


Theorem 3.20: 


Any square matrix A can be uniquely expressed as the sum of a Hermitian 
matrix and a skew Hermitian matrix. 


Proof : 


Let A be any square matrix. 


Then A+A! is Hermitian. (by theorem 3.19(1)). 


1 set P. Е 
do a is also a Hermitian matrix. 


А-А is skew Hermitian (by tacorem 3.19(ii)) 


1 рү. - 
oo (А -А | is skew Hermitian matrix. 


Now, А = 5(A+Al)+<(A-AT) 


oo A is the sum of a Hermitian matrix and a skew Hermitian matrix. 


{ 
Now, to prove the uniquesness, let А = R+S where S is a Hermitian matrix and 


R 1s a skew Hermitian matrix. 


1 22 
We claim that S x -(А+А!) 

2 

1 LT 
and R = 2(А-А | 

A = S+R Se (1) 
3, AT = (SFR) 
= BUR 


= 5—К (since 5 is Hermitian and R is skew Hermitian) 


оо Al A MEM Z2 OD LL» eee (2 ) 
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From (1) & (2) 
A+Al 228; А-ДА -2R 
с $ = -(А+АТ), oo R = _(А-АТ) 


Definition : 


A real square matrix A is said to be orthogonal if AAT = ATA =I. 


Example : 
cos®  sinO 
A = ie, case is an orthogonal matrix. 
We have to verify this. 
| С050 -—sinO 
АТ = 
рт cosQ | 
со59  .sinO cosÓ — sin Ө 
AAT - | 
—sin@ cosO | sin8 со50 
cos? 0 + sin? Ө — cosO sinO + sinO cosO 

= |-SsinOcosO 4-cos0 sinO sin? 0+ cos? 9 
] | 

= Jo (^ cos^0 + sin?0 = 1) 

= I 
cosO -—sinO | со50  sinO 

АТА = | 
| 5ш cos0 j| —sinO со50 
cos? Ө + sin? Ө cosO sinO — cosO sinO 

J  'sinOcosO — sinOcosO sin^ Ө + cos? 9 
1 | | | Е 

= (-- cos?0 + sin?0 = 1) 

= J 

oo ААТ = АТА-1 


oo A is an orthogonal matrix. 
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lheorem 3.21 : 
Let A and B be orthogonal matrices of the same order. Then 
(i) AT is orthogonal 
(ii) AB is orthogonal 


Proof : 

(1) AT(AT)T = ATA = I (since A is orthogonal) 
Similarly we can prove (АТ)! А? =I 
oo Al is orthogonal. 

(11) (AB)(AB)* = (АВ)(В'А?) 
= A(BBT)AT 
= AIA’ (Since B is orthogonal) 
= AAT=]I 

Similarly (АВ) {АВ) = I 
Hence AB is orthogonal. 
Definition : 


A square matrix A is said to be an unitary matrix if AA! S ATA «I. 


0 -1 
For example Ї Ч is unitary. 


Note : Any unitary matrix over R is an orthogonal matrix. 


Theorem 3.22 : 


If A and B are unitary matrices of the same order, then AB is also an unitary 
matrix. | 


Proof : 


(АВАВ)! = (АВДАВ) = (AB(B А!) 


A(BB! JA! = AIA! (since B is unitary) 


| 
ээ 


Similarly (АВ) ( AB) 
oo Hence AB is unitary. 
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Exercises : 


]. 


оча 


10. 


11. 


12. 


15: 


Give examples of each of the following types of matrices; upper triangular 
matrix, lower triangular matrix, diagonal matrix, scalar matrix, symmetric 


matrix, Hermitian matrix, skew Hermitian metrix, orthogonal matrix and unitary 
matrix. 


Give examples of matrices over the field of complex numbers which are 
(a) Symmetric but not Hermitian 
(b) Skew symmetric but not skew Hermitian 


show that the product of two upper (lower) triangular matrices of the same 
order is again an upper (lower) triangular matrix. 


Show that the product of two diagonal matrices of the same order is again a 
diagonal matrix. 


Show that any two diagonal matrices of the same order commute. 
For any square matrix A show that AA! and АТА are symmetric. 
Show that if A is symmetric then AT is symmetric. 


Show that if A is skew symmetric then A? is symmetric and A? is skew 
symmetric. 


Show that 1f A and B are symmetric matrices of the same order then AB-BA is 
skew symmetric. 


Show that if A and B are skew symmetric matrices then AB is symmetric iff 
AB-BA. 


Show that any Hermitian matrix A can be written as A = B+iC where B is a real 
symmetric matrix and C is a real skew symmetric matrix. State and prove a 
similar result for a skew Hermitian matrix. 


Show that every square matrix A can be uniquely expressed as A = B+iC where 
B and C are Hermitian. 


A square matrix A is caled an idempotent matrix if А2-А 


2 -3 -5 -1 3 5 
Show that|-1 4 5 |and| 1 -3 -5|areidempotent matrices. 
1 -3 -4 eL 3 2» 
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14. 
15. 


16. 


17. 


18. 


19. 


20: 


Show that if AB = A and BA = B then A and B аге idempotent matrices. 


Show that if A is an idempotent matrix, then B-I-A is also an idempotent 
matrix and AB=BA=0. | 


A square matrix A is said to be nilpotent if A"—0 for some positive integer n. 


1 1 3 
0 1 
Snow that Р j| 5 2 6 | are nilpotent. 
-2 -1 -3 


A square matrix А is said to be involutory if A7=I. 


1 O 1 
Show that P 0 | andio о 1|areinvolutory. 
0 — 
0 1 0 


Show that a square matrix А is involutory iff (L-A)(I-A) = 0. 


Lb 2 2 
Show that > 2 1 —2|isan orthogonal matrix. 
-2 2 -l 
111-1:--1-1 | | | 
Show that 21141 1-1 | 1840 unitary matrix. 
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LINEAR ALGEBRA UNIT - 4 


INNER PRODUCT SPACES 


Introduction : 


In this chapter we place an additional structure on a vector space V to obtain an 
inner product space, and in this context these concepts are defined. 


We know that in the usual three dimensional vector space V,(R) it is possible to 
talk about the length of a vector and angle between two vectors. These concepts of 
length and angle can be defined in terms of the usual "dot Product” or "Scalar product" 
of two vectors. The dot product of u = (a,,b,,c,) and v = (a,,b,,c,) is defined by 


u.v = a,a, + bb, + сус, 


We note that the length of u is given by „/у ү and the angle Ө between u and v 


u.v 
is determined by cos 9 Ene ener Hence u and v are perpendicular or orthogonal iff 


u.v = 0. 


An inner product on a vector space is a generalisation of the dot product and 1п 
terms of such an inner product we can define the length of a vector and angle between 


‘two vectors. Our study about angle will be restricted to the concept of perpendicularity 
of two vectors. 


Throughout this section we shall deal only with vector spaces over the field F of 
real or complex numbers. 


4.[1. Definition and Examples : 


Definition : Let V be a vector space over F. An inner product on V 1s a 
function which assings to each ordered pair of vectors u,v in V a scalar in F denoted by 
«u, v^ satisfying the following conditions. 


(1) <ut+vt+w> = <u,w> + <v,w> 
(i) <qu,v> = a<u,v> 
(11) «уу? <v,u> where <v,u> is the complex conjugate of <u,v>. 


(iv) <u,u> > 0 and <u,u> = 0 iff u = 0. 
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A vector space with an inner product defined on it is called an inner product 
space. An inner product space is called an Euclidean space or unitary space 
according as F is the field of real numbers or complex numbers. 


— 


Note 1 : It F is the field of real numbers then condition (iii) takes the form <u,v> = 
<v,u>. Further (iii) asserts that <u,u> is always real and hence (iv) 15 meaningful 
whether F 1s the field of real or complex numbers. 


Note 2 : <ua V^ = gy «uv 
For <u,av> = <av,u> 
= g«v,u» 
= @<уп> 
= a<u,v> 
Note 3 : «u,v-tw» = <u,v> + <u,w> 


For, <u,vtw> = «уруу.» 
= <v,u>+<wyu> 


= <v,u>+<wyu> 


= <u,v> t <u,w>. 


Note 4: 
<и,0> = <0,v> = 0 
For, <u,0> = <u,00> 
= 0 <u,0>=0 

similarly, 

<0,v> = 0 
Examples : 
i V, (R) is a real inner product space with inner product defined by 

<х,у> = хүуүі+х,у,+.....+х.у, where 
X = (x,x,.....x,) and 


у = (ypY»--Yy 
This 1s called the standard inner product on V, (R). 
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Proof : 


Let х,у,2є V,(R) апа а eR 


(1) <х+у,2> = (x, ty Zi + (x4*Ty3)z, +.....+ (x, *y,)Z, 
= (XxQztxztet XZ) + (yz + У›7› + idt y 2) 
= <X,Z> + <y,Z> 
(ii) <ах,у> = «хуу + aX2¥2 РОУ 
= о (XY tote х АУ) 
= с “Х,у?. 
(111) («x^ = Xy t s Jud X a у 
= yix, t y3X, шоо t ух, 
= <у,х». 
(iv) ex ue c tao dut x,” > 0 and 
<x,x> = Oiffx,—7X7..— x, = 0 
до «хх» = Oiffx=0 
2. у (C) is a complex inner product space with inner product defined by 
<x, у> = хуу! + X2y2 t...-tXnYn 
wherex = (X, X... х.) 
апа у = (yp Yoo -Yn 
Proof : 
Let x,y,z e V, (C) and a ec. 
(1) <xty,z> = (x,ty,) 9 + Guy z2*e Xa Yn) zn 


= «хуу» + <y,Z>. 


| 


(11) «go X,y? (охуу + &X2 y2 t... +OXn Yp) 


= a (X1y1 + хауз +....+Xn Yn) 


= @<х,у?. 
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(11) <y,x> = Ууу + y2X2 +---+YnXn 
= yxp ty3X21-.. +Y Хп 


= XJyptX2Y2t-.XnYg 
= «хуу», 


(iv) «х,х» = yx Х|Б.2.8ХцХп 


= Ii +хәЁ жы A 20 
and “«х,х»-01їх-0 


3. Let V be the set of all continuous real valued functions defined on the closed 
interval [0,1]. V is a real inner product space with inner product defined by 


«f,g» = ji £(t)g(t)dt 
0 


Proof : 
Let f,g,h e V and a є К. 


(i) <ftg,h> = HEO +g hodt 
= [L£COh(Odt (Lg (t h(t)dt 
= «fh»- <g,h> 
(ii) «afg» = jlef(0g(0dt 
= ajjf(Og(Odt 
= а «Lg 
(11) «£g» = fh £(t)g(t)dt 


= fig(t)f(t)dt 


= <g,f> 
(iv) «£f» = |[l[f(t)f dt» 0 and 


«ff^» = Oifff-O. 
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Exercises : 


(8 


4, 


Show that in an inner product space 

(1) <au+Bv,w> =a<u,w>+B<v,w> 

(1) <uav+Bw> = a<u,v>+B<u,w> 

(iii) <au+Pv,yw+6z> = ay <u,w>+ad <и,2> +Во < v,w > +В « v,z) where 


о,В,у, ё eFand u,v,w,z e V 


Show that V,(R) is an inner product space with inner product defined by 
<х,у> = Xy, Xy Xy; AX, 

Where x = (x,,x,) and y = (y, y). 

Show that У,(С) is an inner product space with inner product defined by 
«xy? =2хууу+хууу + Y2Y| + X2Y2 


Where x = (x,,x,) and y = (у;,у,). 


Let V be the set of all continuous complex valued functions defined on the 


closed interval [0,1]. Show that V is a complex inner product space with inner product 
defined by 


] 2 
«fg» = аан 


Definition : . 


Let V be an inner product space and let xe V. The norm or length of x, denoted 


by ||x||, is defined by ||x|| =./<х,х>. 


х is called a unit vector if |Ix|| = 1. 


Solved problems : 


l. 


Let V be the vector space of a polynomials with inner product given by 


1 
«fg»- | f(t)g(t)dt. Let f(t) = t+2 and g(t) = t2-2t-3. 


Find (i) <f,g> (11) |18. 
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Solution : 


1 

(i) «tg» = 110804 

_ Jatt? -2t- 3)dt 
0 


_ |($—17‹-6)й 


| 

^ 
Яаг 
v 


(11) 1 р | 


| | 
4 |(«+2)°а 
0 


] 
2 102-4:44) 4 


Ф 


2 | i£] 


Exercises : 

1) Find the norm of the following vectors in V,(R) with standard inner product. 
(а) (1,1,1) — (b) (1,2,3) (c) (3,-4,0) 
(d) (4x 5y) where x = (1,-1,0) and y = (1,2,3) 
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2) Find the set of all unit vectors in V,(R) with standard norm. 


Ans: 1.(a)43, (b) /14,(c)5,(d)34/38 
2. All points on the unit sphere with centre (0,0,0) 


Theorem : 4.1 
The norm defined in an inner product space V has the following properties. 
(1) |х| > O and |х| = 0 1#х = 0 
Gi) Лох = fox | (ХІІ. 
i) [<х,у2| < ХЇЇ У| (Schwartz's inequality) 
Gv) — lix*yll < х ну (Triangle inequality). 


Proof : 
(i) ЇХ| = Je x,x > 20 and |х = 0 iff x = 0. 
(ii) [о х2 = <ax,ax> 
= <X,ax> 
= dg <X,X> 
= jal ikl 
Hence [la.xl| = ja] Ixil. 


(iii) The inequality is trivially true when x = 0 or y = 0. Hence let x + О and y z О. 


«у,х» 
consider, z = Y7 2 А 
|х| 


Теп О < «zz» 














<у,х> <у,х > 
„ у= Xy z X? 
х ixil 
_ < yyy > XE суух»-23 cy > t Z сх,х» 
ies ixl] Их х 
2) «y,X»«y,X» «у,х»сх,у» «у,х»су,х» 
lIxi£ ixil Tes] 
2 <x,y><x,y> 
- |yp-—————BR— 
ixil 
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4 0 < xl? fly]? — Ix.y2l 
oo | хууд s |х| УР 
ce |<x,y>| 5 [xli |у. 
(iv) |х+уУ = <x+y, x+y> 
| = <X,X> + «€x,y + «yx + <у,у> 
= || + <xy> «xy» + |у 
= |х + 2Re <x,y> + УГ < Ixl? + 21<х,у>| + |у 
< 112 + 2 ixil УЦ + ДУР (by (п) 
< (1х 1У^ 
o \х+у|| 5 (УІІ. 


Solved Problems : 


1. (a) Show that in a real inner product space, if <x,y>=0 then IIx + ур = ixl «Jy - 


Solution : 


| 


|х+у|? = <x+y, x+y> 


=  €X,X2 t <X,y> t <у,х> + <y,y> 
= RE yyy 

= |x|P+2Re<x.y>+llyl|? 

= dx yf cs (ху) = 0 


Ix «If 


| 


5 | + у 


(b) Show that in a real inner product space, if 


к B Ур = |х +уј, then <х,у> = 0 
| "dO , 
— Id «E = fef. 
2 1р 2-2 
ЇГ-4УГ-|Їх-уГ = 0 


= (%x)+{y,¥)-[(x,x) + (x,y) + x) + (y.y) = 0 
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—[<x,y> + <y,x>] = 0 


e(n] = 0 




















- 2 Ке <x,y> = 0 
2Re <x,y> = 0 
oo <х,у> = Q. 
Exercises: 
l. Applying Schwartz's inequality to Vn(C) with standard inner product, show that 
Ж p 2 1/2 " А 1/2 
È Xy S| È xil 2 lyil 
i= i=1 i=] 
2. | Show that in any inner product space V 


2 2 
|с+у+к-у = 2( LP ЫГ) 
3. Show that in any inncr product space 
lax + By? = lol? Ix? +08 «xy » +98 <у,х> ЧВДУР 


4. Show that if equality is valid in schwartz's inequality or triangle inequality then 
x and y are linearly dependent. Is the converse true? 


5. In an inner product space we define the distance between any two vectors x and 
у by d(x,y) =  Х-у|, Show that 


(a) а (x,y) 20 and d (x,y) = 0 iff x = y 
(DdGy-dOo) — 
(c) d (x,y) < d (x,z) + d (zy). 


4.2. ORTHONORMAL BASIS 


Definition : 


Let V be an inner product space and let x,yeV. x is said to be orthogonal to y if 
«xy = 0 


Note 1 : x is orthogonal to y — <x,y> = 0 
= (GY) = 0 
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— «yx» = 0 
= yis orthogonal to x. 
Thus x and y are orthogonal iff <x,y> = 0. 
Note 2 : x is orthogonal to y > ax is orthogonal to y. 
Note 3 : x, and x, are orthogonal to y = x,+x, is orthogonal to y. 


Note 4 : O is orthogonal to every vector in V and is the only vector with this property. 


Definition : 


Let V be an inner product space. A set S of vectors in V 15 said to be an 
orthogonal set 1f any two distinct vectors in S are orthogonal. 


Definition : 


S is said to be an orthonormal set if S is orthogonal and ||x|| = 1 for all xeS. 


Example : 


The standard basis 46,,6,,.....6,) in R” or C? is an orthogonal set with respect to 


the standard inner product. 


Theorem 4.2 : 
‘Let S= {v,,V,.--V,} be an orthogonal set of non-zero vectors in an inner product 

space V. Then S is linearly independent. | 
Proof : 

Let УТУЛ: +a у = 0 

Then <a V FAV t... ta Npr = <0,у,> = 0) 

оо Q,SV,,V47 + а) <У,У2 +... ta, “УУР = 0 

со Q.V, V, = 0 (Since 5 15 orthogonal) 

oo a, = О (Since у, + 0) 

Smilarly a, =a meum a,=0 


Hence S 1s linearly independent. 
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Theorem 4.3 : 


Let S = {v,,v,,...v,}be an orthogonal set of non-zero vectors in V. Let ve V and 





(v, Vk) 
У = a, Vyta Vt... ta, Vv, Then ay = vel | 
Proof : 
(v, vk) = (ovi +о2У2 +... опур Vk} | 
= олут, v ) +002 (у2,ук)+.. нок (укук). ол (Ур ук) 
= Ok (Vk, Ус) (Since S 1s orthogonal) 
E ox dvd 
до OC x { М д 5 
(мк 


4.3. GRAM - SCHMIDT ORTHOGONALIZATION PROCESS 


Theorem 4.4 : 


Every finite dimensional inner product space has an orthonormal basis. 


Proof : 


Let V be a finite dimensional inner product space. Let {v,,v,,...v,} be a basis for 
V. From this basis we shall construct an orthonormal basis {w,,w,,...w,} by means of a 
construction known as Gram-Schmidt orthogonalisation process. 


First we take w, = v, 


(v2.1) y 


lil? 


We claim that w,~0. For if w, = 0 then v, is a scalar multiple of уу, and hence of v, 


which is a contradiction, since v,,v, are linearly independent. 


Let w, = v2 - 
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Also, <w,,w,> = \ V27 Mid 
SO W3 Wi | |1 





| 
< 
N 
| 


У1 У] (со “ү Vi) 


м) 


| 
i 
< 
— 
~— 
| 
e 
№ . 
< 
“2” 
“ч. 


13223271 

pal 
udi зө 
= 0 


Now, suppose that we have constructed non-zero orthogonal vectors w,,W,,...W,. 
Then put 


pe ^A | 
Midi ge 


We claim that w,,,40. For, if w,,, = 0, then v,,, is a linear combination of 
W,,W,,..-w, and hence is a linear combination of V,,V5,...V, Which is a contradiction 
since V,,V,....V,,, are lineanly independent. 


Also, 


(sam) E Кеш, 


хан aum 


ne 
1 


(viu wi) (ук) 


Thus, continuing in this way we ultimately obtain a non-zero orthogonal set 


iW,W,,...W.j 
By theorem 4.2, this set is linearly independent and hence a basis. 


WW: 
To obtain an orthonormal basis we replace each w, by |» J 
| i 
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Solved problems 


Problem 1 : 


Apply Gram-Schmidt process to construct an orthonormal basis for V,(R) with 
the standard inner product for the basis (VpYpVal where v, = (1,0,1); у, = (1,3,1) and 


v, = (3,2,1). 


Solution : 
Take 
Then 


and 


Put 


Now, 


o 
oo 


[у = 


Wi — Vy 
“УУ” 


<W] V> 


2 


lw. li? 


<W,,V4> 


<W Уз? 


W3 


[wli 


(1,0,1) 
12+02+1? = 2 


1+0+1 = 2 


(v2 wi) 
121 


(1,3,1)-01,0,1) 


yos уу 


(0,3,0) 

9 

0+6+0 = 6 апа 
3+0+1 = 4 


бэл). (узмо), 


та d 


(3,2,1) — 2. 0,1) — = (0, 3,0) 


3 


(3,2,1) — 2 (1,0,1) — = (0,3,0) 


(1,0,—1) 
2 


The orthogonal basis is ((1,0,1), (0,3,0), (1,0,—1)}. 


Hence " orthonormal basis 15 15 Зз? oh (0, і ,0), EZ E 
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Problem 2: 


Let V be the set of all polynomials of degree « 2 together with the 
zero polynomial. V is a real inner product space with inner product defined by 


1 
<f,g>= VER, Starting with the basis {1,x,x?}, obtain an orthonormal basis for V. 


Solution : 
Let v, = 1, У, =x and v, = x? 


Let wi =V} 
1 


Then ҺР = (им) = П®=2 
Hence la] = vz 
(va wi) 
е [ғ 
] 
= Х-- (хіх 
-1 
== Ж. 
: О. 
ne lw? = (wa,w2) = ын mao 
V3, W] | V3, W2 
Now, уз = y, Mem), м2) 
Iwil [w2] 
2:115 3х 11 з 
= x^—— [x ах -| E] [хах 
Dc DANS 
20222 
> 3 
1 2 
: _ а ы йи? 
oo [wl]? = (w3,w3) = 1 ;) dx - 2 


1 
Hence the orthogonal basis is [xi 4l 


ae Е 710 (5,2 - | 


^o The required orthonormal basis is | 7 ZI ETE 
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Problem 3: 


Find a vector of unit length which is orthogonal to (1,3,4) in V4(R) with 
standard inner product. 


Solution : 
Let x = (x,, X4, X4) be any vector orthogonal to (1,3,4). Then x,+3x,+4x, = 0. 
Any solution of this equation gives a vector orthogonal to (1,3,4). 


For example x = (1,1,-1) is orthogonal to (1,3,4). 


Also, | | = 43 


1 1 sl 
Hence a unit vector orthogonal to (1,2,3) is given by (27) 
Note : 


The set of all vectors orthogonal to (1,3,4) are the points lying on the plane 
x+3y+4z = 0, which is a two dimensional subspace of V,(R). 


Problem 4: 


Find an orthogonal basis containing the vector (1,3,4) for V,(R) with the 
standard inner product. 


Solution : 
(1,1,-1) is a vector orthogonal to (1,3,4) (Refer the above problem). 
Now, let y = (у, ,у,,Уз) be a vector orthogonal to both (1,3,4) and (1,1,-1). 
Then y,+3y,t4y, = 0 
yx, = 0 


Any solution of this system of equations gives a vector orthogonal to (1,3,4) and 
(1,1,—1). 


For example, (7,-5,2) is one such vector. (by cross multiplication method) 


Hence {(1,3,4), (1,1,-1), (7,-5,2)} is an orthogonal basis containing (1,3,4). 


Problem 5: 


Applying Gram-Schmidt process find the orthonormal basis of V,(R) with the 
standard inner product starting with the following basis. (v,,v,,v,j where v, = (1,-1,0), 
Уул (221372) Nac (1,-1,-2) 


118 


Solution : 


Take Уул үү = (1,—1,0) 
Then lw, = у> = 12+(—1)2+0 = 1+1 = 2 
апа <W V> = 2+1+0 = З 
(v2, W1) y 
Put we = VS UNI 
wal? 


= (2.-1,-2) - 2(1.-1,0) 


Р (14/2-2| 
2 


2 
Ї 2 2 
со wll? == 3) +(1/2) 4(-2) 
4 4 4 2 
1-1 T 
Also, TW. = 21" —4 
<уу,,у,> = 1+1+0 = 2 
Now, 
w3 — уз ERA - (3:2) w w2 
[1 wall? 


хөлсөө (oe 
= (52,2)-(.2,9 - (2.2.2) 
- (-1,-2)-(1,-10)-(4,4,-2 
2 (0,0,-2)- (33 3 -18) 


9'9' 9 


| 
| 
oip 
Мә 
+ 
| 
14 
мә 
+ 
| 
OIN 
Ct 


oo thw, ||? = 
_ 16.16 4 
| 81 81 81 
2036 4 
81 9 


oo The orthogonal basis is 


а. 9(1-3-21(-3-3--2) 
2 2 9 9 9 


Hence the orthonormal basis 1s 
Бете у? 42 -242 (2.23) 
42 42' Jl 6° 6° 3 EC SA EE 


Problem 6 : 


Let V be the set of all polynomials of degree x 2 over R with inner product 
defined by 


1 
 <fg> = : f (x)g(x)dx. Starting with the basis 
[1,x,x?). Obtain an orthonormal basis for V. 


Solution : 


Let v, = 1, v, =x and у, = x? 


Let.w, =v, 
| 21 
Then lvl? = (ww) = | f(x)g(x)dx 
] 
= idx = [xh =1-0=1. 
Hence Iw, i] = t. 
W, = ev) 
2 
[| 
1 
= x – | хах 
0 
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Now, 


wll? = (wa. wa) 


li 


Dod 
3-4 2 

( (v3. w2) 
Ivi wo? 





1 
] (5-3) 
х2 — зах 22 he (x- Pas 


0 -- 0 
12 


(2х-1) 


1-2. 1 
x? = hasa PDf ~ 


0 0 


1 
3 4 
x? 15: -6(2х- jz- 
3 4 


0 
x? 67s (i-i) 
3 4 6 


x? — $a 6(2х — (5) 
3 12 


x^ 


Jo 
2 g 
1 
0 


So lw? = (w3,w3) 


| 


12 2 11 1 


+ — + — — — + — 
5 4 18 3 6 36 


Hence the orthogonal basis is {1,(x-1/2),(x? -х+1/6) 


c» The required orthogonal basis is {1,(2x -1)43 (6x^ -бх- 1)/5 1 


Exercises : 


1. Applying Gram-Schmidt process find the orthonormal basis of v,(R) with the 
standard inner product starting with the following bases. 


(a) (2,-1,0), (4,—1,0), (4,0,-1) 


(b) (1,0,1), (1,0,-1), (0,3,4) 


2: Obtain an orthogonal basis for V,(R) with standard inner product containing the 


vectors.. 
(а) (1,1,-1) апа (1,0,1) 
(b) (7,-1,1) 


Answers · 


1. Е (245 /5,-4/5/5,0),(45/5,24/5/5, 0), (0,0,-1) 


(5) {(1/ 2, 0, 1/42), (1/42, 0, 1/42), (0,1,0) 
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4.4. ORTHOGONAL COMPLEMENT 


Definition : 


Let V be an inner product space. Let S be a subset of V. The orthogonal 
complement of S, denoted by S+, is the set of all vectors in V which are orthogonal to 


every vector of S. 


(i.e) St = {x/xeV and <x,u> = 0 for all ues} 


Examples : 


1. V+ = {0} and {0}+ = V. Since 0 is the only vector which is orthogonal to every 
vector. 


2. Let S = 1(x,0,0)/ x eR] c V3(R) with standard inner product. Then 
S+ = 1(0,у,2)/ y.z eR} 
(i.e.,) The orthogonal complement of the x axis is the yz—plane. 


Theorem 4.5. 
If S is any subset of V then S+ is a subspace of V. 


Proof : 
Clearly 0€ S^ and hence S+ 6. 
Now, let x, ye S^ and с, eF. 
Then <x,u> = <y,u> = 0 for all ueS. | 
(ах + By,u) = a(x,u)- B(y,u) = 0 for all ues. 
c» ах+Вує$+. 
Hence S+ is a subspace of V. 

Theorem 4.6 : 


Let V be a finite dimensional inner product space. Let W be a subspace of V 
Then V is the direct sum of W and WŁ. 


(ie) V = WOW-. 
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Proof : 
We shall prove that 
(i) Wow: = (0) and 
(ii) W+W! = V. 

(i) Let ve WeAW-* 
Then veW and ve Wt 


Now, veW- = v is orthogonal to every vector in W. In particular, v 18 
orthogonal to itself. 


< <v,v> = 0 and hence v = 0. 
Hence WaW+ = {0}. 
(ii) Let {v,,v,,.....v,} be an orthonormal basis for W. Let ve V. 
consider, 
Уу = V—€V,V,2 V,—cV,V47 V) — У,у гу 
оо XVQ,V;^ = <у,у,>—<у,у,><у,,уү,> 
(Since <у„у,> = 011151) 
= <v,v.>— <v,v> 
(Since <v.,v.> = 1) 
= 0 
съ v, is orthogonal to each of v,,v,,....v, and hence is orthogonal to every vector 
in W. 
Hence ve W- and v= [(у, утуу + (у, уд )у2 rv. угуу |+ ур € W+W+ 
& V = МФУ 


Hence the theorem. 


Corollary: 
dim V = dim W + dim W+ 


Proof : 
dim V = dim(W@W?) = dimW--dimW- 
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Theorem 4.7 


Let V be a finite dimensional inner product space. Let W be a subspace of V. 


4 
Then ( w+) = W. 


\ 


Proof : 
Let we W. Then for any ue W+, <w,u> = 0. 


Hence we (wy. 


Thus Wc (w+ у. desees (1) 


Now by theorem 4.6, V = wo w+ 


Also, V — wi (w+) 


iy 
Hence dim W = dim(W ) ------- (2) 
Етот (1) апа (2), 


We get W = (w+ у. 


Solved Problems : 


Problem 1 : 
Let V be an inner product space and let S,and S, be subsets of V. Then S,c S, 


= s lcs. 
Solution : 
Let ч є S4. 


Then <u,v> = 0 for all v є$5. 


But 5,с S, Hence <u,v> = 0 for all veS, 


Hence ue s 


Thus St c S 
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Problem 2: 


Let У апау, бе subspaces of a finite dimensional linner product space. Then 
„ ВА p: 
(1) (Wi +W) = Wit A Wot. 
(11) (Wi OW j^ x wit + wt. 


Solution : 


(1) We know that Уус: W + W2 
do (Wi + Wo te wt (by the previous problem) 


Similarly, (Уу + Уулс: WŁ. 


Hence (м +») € wawt 0 000 0 (1) 
Now, let w € w+ = wt. 

Then we wt 

and w є wj. 


4» «w,u» = 0 for all ue W, and W,,. 


Now, let у e WtW, 
Then у = v,tv, Where v,eW, and v,e W,. 
B <W,V> "= «уугуул 


= <уу,у,> T <w,V>> 


= 0+0 (Since v, €W,and v,e W,) 


= 0 
Hence w € (W,+W> y | 
со міом € (Уүе«Усуг eaa (2) 


From (1) and (2) we get 


(WitW2)t = wi сүү, 
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(11) We know that Waw c W, E 
с W, c (Уүху,) (by the problem 1) 
Similarly, WaW, с №, 
Wit c (W,nW;j- 
Hence WISEW ^ (гү | тээ (1) 
Now, let, w e (WoW, 
оо <w, u> = 0 forall пиє\ї/,с\\/,» 
«w,u» = Oforallu eW, and ue W, 
Now, let v e WtW, 
Then у = v,tv, Where v, €W, and v, EW. 
d (w,v) = (w,vi* v2) 
= (w,v1)+(w, v2) 
= 0+0 (Since v, ew, and v,ew,) 
Hence w € ү +5 
| (waow) © WteWot 0000000000000 Q) 
From (1) & (2) we get, 
(Wi ^ Ул)” Wy + Wt 
Exercises : 
1. Let V be an inner product space. Let S be any subspace of V. Then show that 
S -[L(s)]--. 
2. >- Find a basis for the orthogonal complement of the subspace spanned by (2,1,-2) 
in V,(R). 
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LINEAR ALGEBRA | UNIT - 5 


CHARACTERISTIC EQUATION AND 
CAYLEY HAMILTON THEOREM 
Definition : 


An expression of the form A tA, XtA,x2+...FA,x" where Ap À,,...A, are square 
matrices of the same order and А + 0 is called a matrix polynomial of degree n. 


For example, 
] 2 ] 1 2 0\2. | 
0 3 + 2 1 X+ 3 ] X is a matrix 


| "P 1+х+2х2 2+ х 
Polynomial of degree 2 and it is simply the matrix | и 


2x 43x? 34+x4+x 
Definition : 


Let A be any square matrix of order n and let I be the identity matrix of order n. 


Then the matrix polynomial given by А-х1 is called the characteristic matrix of A. 


The determinent |A-xI| which is an ordinary polynomial in x of degree n 15 
called the characteristic polynomial of A. 


The equation |A—x]| = 0 is called the characteristic equation of A. 


Example 1 : 


Ї 2 
Let А = j3 4 


Then the characteristic matrix of A is A—xI given by 


1 2 1 0 
A-xl = (5 4] "(o 1 
1-Х 2 
3 4-Х 
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| 


c» The characteristic polynomial of A is 


1-х 2 
|А-х = 3 4-x 


= (1-x) (4-х) -6 


х2-5х-2 


c» The characteristic equation of A is |A—x]| = 0. 


&> x7—5x-2 = 0 is the characteristic equation of A. 


Example 2: 


1 3 7 
Let А = [4 2 3 
12 1 


Then the characteristic matrix of A is A-xI given by 


1 0 OF. 
Ахї 0 1 0 
0 0 1 


|A—x]] 


= (1-x) [Q-x) (1-x)-6] -3 (4(1-х)-3187 [8-(2-x)] 
= (1-х) [х2-3х-4]-3[1—4х]+7 [6+x] 
= —x3+4x?+x—-4-3+12x+42+7x 
= —х3+4х?+20х+35 
& The characteristic equation of A is |A—x]| = 0. 


& x?—4x2-20x-35 = 0 is the characteristic equation of A. 
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Theorem 5.1. Cayley Hamilton theorem 
Any square matrix А satisfies its characteristic equation. 


(ie) If ayta,xta,x*+...+a x^ is the characteristic polynomial of degree n of A 
then а+а,А+а,А?+....+а А" = 0. 


Proof : 

Let A be a square matrix of order n. 

Let (А-хҢ = ау+аух+а,х2+...ахп -- (1) 
be the characteristic polynomial of A. 


Now, adj (А-х1) is a matrix polynomial of degree n-1 since each entry of the 
matrix adj (А-х1) is a cofactor of A-xI and hence is a polynomial of degree < n-1. 


oo Let adj(A-xD = BQHB,xtB,x^r.-«B, xt! --- (2) 


1 


Now, (A-xI) adj (А-х) |A—xI| I 


(со ( adjA)A 


A(adjA) = {АЈ 
oo (А-хї) (В,+В,х+...+В, үх?!) 
(а,+а,ух+...+а x") I using (1) and (2) 


со Equating the coefficients of the corresponding powers of x we get 


AB, - ад 


= в ~ Ф8 зар Фан 8 ч 


АВ n-1 P n-2 a, yl 
—B = al 


Pre-multiplying the above equations by I, A, A2,.....A” respectively and adding 
we get, a,I+a,A+a,A*+......+a А? = 0. 


Note: The inverse of a non-singular matrix can be calculated by using the cayley 
Hamilton theorem as follows. 
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Let a yta,x+a,x?+..a,x" be the characteristic polynomial of A. 
Then by the definition, we have 
а + а А+а,А2+...+а Anh = 0 77777 (3) 


1 223 2 n 
Since |A—xI| = agta,xtajx^t.. ta X 


We get а, |A| (by putting x = 0) 


% a, #0 (since A is a non singular matrix) 


1 
oo I = - ад Га, A *a, A^... на, A"] by (3) 


1 
оо АГ! = e | а,1-а,А+...+а А" !] 


Solved problems : 


Problem 1 : 


Find the characteristic equation of the matrix 


1 0 2 
Ас» (012 
1 2 0 
Solution : 
The characteristic matrix of A is A—xI given by 
1-Х о . 2 
A-x] = 


The characteristic polynomial of A is 


]-x 0 °2 
1 2 -Х 


= (1-5) (1-5) Cx) 4] + 2 [0—(1—х)] 
= (1-х) [-x+x?-4]-2(1-x) 
= —x34+2x2+3x—4—24+2x 


= —x3+2x?+5x-6 


1131 74 


The characteristic equation of A is 
—х?+2х?+5х-6 = 0 
(ie) x?-2x?-5x46 = 0 
Problem 2 : 


Find the characteristic equation of the matrix 


8 -6 2 
A = |6 7 -4 
2 4 3 


Solution : 


The characteristic equation of A is given by |A-AI| = 0. 


8—A -6 2 
2 -4 3-3 


(8-3) [(7-A) (3-3) — 16] + 6 [-6(3-A) + 8] + 2 [24-2(7-A)] = 0 
(8-2) (A2-10A + 5) — 6 ( 64—10) +2 (2A+10) = 0 
(82.2-80A + 40-23+10A2-5A) + (362 — 60) + (42 + 20) = 0 


d°-1827+452 = 0, which represents the characteristic equation of A. 


Problem 3: 


Г 2 
Show that the non-singular matrix АЧ! i satisfies the equation A*-2A—5I=0. 
Hence evaluate A`}. 
Solution : 
The characteristic polynomial of A is 


l-x 2 


|А—х1| 








х^—2х—5 


c» Ву cayley — Hamilton theorem А2-2А-51--0. 
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oo I 
oo A! 
Problem 4 : 


Show that the matrix 


A 


А(А-1) (А+21) 


Solution : 


| 


я (А2-2А) 


1 
= (А-21) 


уф 


2 -3 1 

3 1 3 | satisfies the equation 
-5 2 
0. 


The characteristic polynomial of A is 


|A—A]| 


2-3 3 1 

31-31 3 

5 2 ad 
(222)[(01.)(4—24)-6]3 {3(—4—))+15]+1[6+5(1—)] 
(2-3)02-33.-10) +3 (-3Х43)-11-53, 
-)2-43--163--420-493-49--11--53, 
-37-43--23.. 


By cayley — Hamilton theorem — A?—A?-2A = 0. | 


(ie) A^ A?— 2A 
Hence А(А2-А-21) 
А(А+21) (A-D 
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Problem 5: 


Find the characteristic equation of the matrix 


1 O 3 
A = |2 + 


s . Verify that the matrix satisfies 
1 -1 1 


it own characteristic equations. Also calculate A^!. 


Solution : 


The matrix |А-х1) = а MR 
1 


The characteristic polynomial of A is 
1—-x 0 3 


= (1—x) [(1—x) (1—x) —1]+3 [-2-(1-x)] 
= (1-x) [x?-2x] +3 |х-3| 
= —x3+3x2-2x+3x-9 
= —х3+3х?+х—9 
The characteristic equation of A is х7-3х2-х-49 = 0 
We have to verify that А2-3А2-А-91-0 | 
First we have to find A?&A/. 


20143 -3 3-3 
2-2-1 1-1 6-1-1 
1-2-1 -1-1 3-41-1 


4 -3 6 
113 2 4 
0-2 5 
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A? = A.A? 


А3-3А2--А--91 


4 
8-3 
4-3 


-3-06 64-15 


-9 
—2 
—7 


-6-2-2 12+4-5 
—3—2—2 6-4+5 


Е 12 -9 18 


1 


1 


О 
1 
-1 


3 9 о 0 
-11440 9 0 
1 о о 9 


-9-9-0-0 21-18-3-0 


11-12-1-0 


4 

11 —2 11 9 6 121-12 
1 -7 7 | О -6 15 

4-12-1-49 

11-9-2-0 -2-6-1-9 
1-0-1-0 

ооо 

ооо 

0 60 O 


The equation А?-3А2-А-91, = 0 is verified. 
-A3+3A2+A 


91, 


I, 


-—À 
= 


eee 
гаю 


1 
3 |-А2-3А2-А1 


pre multiplying by A^"! on both sides, we get 


A! 


1 
5 [-А*+ЗА+[] 


-4 
28 
0 


3 -6| (3 0 


-2 -4(4-|16 3 
2 x A ceni 


9 
m 
3 


-+ 


] 


О 
0 


—7+64+14+0 7-15-1-9 


0-0 
1-0 
O | 


Problem 6: 


Using cayley — Hamilton theorem find the inverse of the matrix. 


7 2 -2 
-6 -1 2 
6 2 -l 


Solution : 


7 2 -2 
Let A = -6 —1 2 
6 2 -1 


| 
| 
С^ 
| 
m 
| 
p» 
М 


| 


(7—x)[(-(1-x))?--4]-2[6(1+x)~12]-2 [-12+6(1+x)] 
(7—x) (x?*2x-3) —2 (6x—6) —2 (6x—6) 
7х2-14х-21-х2-2х2-3х-12х-12-12х-12 


= ~x3+5x2-7x+3 


| 


oo By cayley — Hamilton theorem, 


-A?+5A°-7A+3L = 0 
oo A32—5 A? 7 А—31, - 0 
оо 3l, = АЗ -5А2-7А 
1 
1, = 3 (A3—5 A?4-7 A) 


premultiplying by A^! on both sides we get 


_ 1 
АЛ = = [А2 5А+0] 00000000 (1) 

7 3 5217 5S 2 25 8 -8 

Now 7 A22 |6 -1 2|]-6 -1 2|_ |-24 -7 в 
6 2 9 3 x 24 8 -7 


" From (1). 


os 8 -8| (35/710 ~10\ (7 0 0 
Xd ow LIP -7 8j- -30 -5 10 |4|0 7 0 
24 8 -7) (30 10 -5j 0 0 7 

-3 -2 2 

_ 116 5 -2 

31-6 -2 5 

Problem 7 : 
3 3 4 


Find the inverse of the matrix у жура using cayley — Hamilton theorem. 
1 1 


Solution : 


The characteristic polynomial of A 


= |A-x]|= 2 -3-х 4 
= (3-x)[-G +x)(1—x)+4]-3[2(1—x)] +42) 
= (3-x) (х2+2х+1) -6 (1-x) -8 
= —x3+x?+5x+3—6+6x—8 
= —x3+x7+11x-11 

& By cayley — Hamilton theorem 

-А3-А2-11А-111, = 0 
Hence 111, -(АЗ-А2-1 1А) 


| 


1 
= ——— 3_ A2_ 
L — (А3-А2-11А) 
pre (post) multiplying by A^! on both sides we get 


1 
А = —— [А?-А-11],] 
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15 -4 28 з з AY (11 0 0 
24111| 0 n ol-l2 з 41-10 11 о 


111| 5 2 .3] lo -1 1 0 0 11 
, [1 -7 24 
ын il —2 3 -4 
2 3 -45 
-1 7 ST 
11 11 11 
21121043 4 
11 11 11 
23 


2/11 — 15/11 
11 


Problem 8: 


Verify cayley Hamilton's theorem for the matrix 


a= (43) 


The characteristic equation of A 1s 


Solution : 


lA-AI| = 0 

і-А 2 
ds | 4 ыг ? 
d (1-3) (3-2)-8 = 0 
d | A2—4A-5 = 0 


By cayley Hamilton's theorem A satisfies its characteristic equation. 


We have A? — 4A — 5I= 0. 


Ыы , (12ү 2\ (9 8 
Ө, A" = [4 зд 3] 16 17 
| (4^ 8 5 0 

4A = 16 12) 82d 511 5 
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, | о зу 4 8} (5 0 
oo ‚ А?-4А—51 = 116 17] (16 12/40 5 
0 0 
lo of ^? 


Thus cayley Hamilton's theorem is verified. 


| 


Problem 9: 


Using Cayley — Hamilton's theorem for the matrix A = 


find (1) АГ, (ii) А“. 


Solution : 


The characteristic equation of A is |А—хЦ = 0 


1—х 0 -2 


(1-x) [2x]? -2 (0) = 0 
(1-х) x2-4-4x) = 0 
—х3+5х2-8х+4 = 0 


х3—5х2+8х—4 


0 
& ‘By cayley Hamilton's theorem 
| А3-5А2-8А-41 = 0 
41 = А2-5А2-8А 
(i) To find A^! pre ви ийг by A^! we get 
4А = АСАХ5-5АСА248АЛА 


= A2 5A+8I 
1 
= AT = 7 [А?—5А+81] 
10 2)(10 2 
Кее az = |22 4||22 41- 
| оо 2) 100 2 


From 2 : 


© 


а 


0 0 


0 20 


1 0 -6 5 0 -10 g 0 0 
АА 116 4 121-110 10 201410 8 0 
4110 0 4 0 0 10 0 0 8 
4 0 4 1 1 
114 2 -8 1 1/2 -2 
410 0 2 0 -1/2 
1 O 1 
© A ша 1 1/2 -2 
0 0 -1/2 
(ii) ^ To find А. 
From (1) АЗ = 5A?2-8A+ 41 
до А4 = S5A3—8A2+4A | 
= 5[5 А2-8А+41|-8А2+4А (using (1)) 
= 17А2-36А-201 
1 0 -6 1 -2 1 0 
= 17]6 4 12|-362 2 4 | 8200 1 
0 0 4 0 0 2 0-0 
17 0 -102 360 —72\ (20 
102 68 204 |-172 72 1441-10 20 0 
0 0 68 0 0 72 0 
1 0 -40 
P д4 = |30 16 60 
0 O0 16 
Exercises : 
l. Obtain the characteristic polynomial for the following matrices. 


NOE 
ol ^ 


zx m 28 
(11) (a d 
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8. 


Find the characteristic equation of the following matrices. 


2 -1 1 
-b -c 
-үу(-1 2 -~-i 
(1) | | (п) 
А. | =й o 
-b -c -d 1 0 3 
0 ] -1 1] 


Verify cayley — Hamilton theorem for the matrix 


] 4 
A= f E and hence find А!. 


102 
IF A = [9 | 2 | Prove that A)-2A2-5A-6I = 0. 
120 


Using cayley Hamilton theorem, find the inverses of the matrices 


7 2-0 1 0-2 12 3 13 -3 5 
6 2 -1 00 2 3 1 -l -15 9 4 


2 4 
If A — s Ч and find A? and A? 


22:12 
Calculate A^ for the matrix A = 0 2 3 
0 5 
1 2 
Verify that the matrix A = dis satisfies its own characteristic equation 
3 1 e 


and hence find A^! and А*. 


9; 


1 2 
Find the characteristic roots for the matrix A = | 4 d and hence evaluate A8. 
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5.2. EIGEN VALUES AND EIGEN VECTORS 


Definition : 
Let A be ап nxn matrix. A number А is called an eigen value of A if there exists 
Хү 
22 
a non zero vector x — | such that AX = AX and X is called an eigen vector 
Xn 


corresponding to the eigen value À. 


Remark 1 : 


It X is an eigen vector corresponding to the eigen value X of A, then aX where 
a is any non zero number, is also an eigen vector corresponding їо À. 


Remark 2: 


Let x be an eigen vector corresponding to the eigen value A of A. Then AX = 

AX. So that (А-А) X = 0. Thus X is a non - trivial solution of the system of | 
" homogeneous linear equations (A-AI) X = 0. Hence [A-AI| = 0, which is the 
characteristic polynomial of A. 


Let [А-А = aà" + aA *...*a, 
The roots of this polynomial give the eigen values of A. Hence eigen values are 
also called characteristic roots. 


Properties of Eigen Values 


Property 1 : Let X be an eigen vector corresponding to the eigen values А, апа 
А... Then A, = Ap. 


Proof : 
By definition X # 0, AX = A,X and АХ = A,X 
So МХ = AX. 
do 0,3.) Х = 0 


Since X 2 0, X7 Ao. 
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Property 2 : Let A be a square matrix. 


Then (i) the sum of the eigen values of A is equal to the sum of the diagonal 
elements (trace) of A. 


(11) product of eigen values of A is |A]. 


Proof : 
811 812 ... alin 
az] 422 ... аһ 
(1) Let А = 
dn] àn2 - Ann 


The eigen values of A are the roots of the characteristic equation 


ау -À ар .. аһ 
821 922-9, «9821 
А-А = | | і | =0  -—-- (1) 
an] 402 -= 2пп-3 
Let А-АЦ = aA” +аА! +... жа o (2) 
From (1) and (2) we get 
ар = (1)? ; а = (1)! (аџ+а,,+....+а);... renee (3) 


Also by putting A = 0 in (2) we get a, = |A]. 
Now, let А, A,,.....A,, be the eigen values of A. 


со A,,A,,....A, are the roots of (2) 


o — —— 
& AtA +... +A = - 


a,,*25,t.... Fa, (using 3) 
oo Sum of the eigen values - trace of A. 
(1) Product of the eigen values = Product of the roots 
| АА 


ла an ("ав 
= (-1) ао m 217 


a, = |Al. 
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Property 3 : 


The eigen values of A and its transpose A’ are the same. 


Proof : 


It is enough if we prove that A and A! have the same characteristic polynomial. 
Since for any square matrix M, 


MI 
ААЦ 


ІМ | we have, 
KA-ADT| = |АТ-(А)"| 
IAT-AT]. 


Hence the result. 


Property 4 : 


If à is an eigen value of a non singular matrix A then 1/A is an eigen value of АГ, 


Proof : 


Let X be an eigen vector corresponding to A. Then AX = AX. Since A is non 
singular A^! exists. 


oo А-! (АХ) = A] (АХ) 
IX = AA'X 
о АЛ X = 9 X 
оо == 3, 


1 
oo @ is an eigen value of A”. 


Corollary : 


1 
If А. ,А,,...А, are the eigen values of a non singular matrix А then po 


S|- 


are the eigen values of АГ, 


Property 5: 


It А is an eigen value of A then kA is an eigen value of kA where k is a scalar. 


Proof : 


Let X be an eigen vector corresponding to À. 
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Then AX = AX | ze Ї) 
Now, (kA) X = k(Ax) 

= k (Ax) (by 1) 
(KA) x. 


| 


kX 15 an eigen value of kA. 


Property 6 : 
It А is an eigen value of A then АХ is an eigen value of АК where k is any 
positive integer. 
Proof : 
Let X be an eigen vector corresponding to À. 
Then АХ = AK 0c (1) 
Now, АЗ X -= (AA) X = A(AX) 
= AQX) (by 1) 
= МАХ) = A(AX) (by 1) 
= X. 
À? is an eigen value of A7. 


Proceeding like this we can prove that A* is an eigen value of A* for any 


positive integer. 


Corollary : If à., A,,.....A, are eigen values of A then ёс: Хэ найы” are eigen values 


of AK for any positive integer k. 


Property 7: 

Eigen vectors corresponding to distinct eigen values of a matrix are linearly 
independent. 
Proof : 


Let Хү A,...A, be distinct eigen values of a matrix and Let X; be the eigen vector 


corresponding to À.. 


Hence АХ, = A.X. (1 = i2, Kk) у тнт (1) 


1 
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Now, Suppose X, X,... X, are linearly dependent. Then there exist real numbers 
QL, 0...0, not all zero, such that a X,+a,X,+...ta,X, = 0. Among all such realations, 
we choose one of shortest length say j. 


By rearranging the vector X, X... X, we may assume that 

a, X, ta, X, t.a X = 0 | aa (2) 
oo А(®,Х,) + A (a,X,)+.t A (o, X) -0 
oo Q (АХ) + a, (AX,) +....+о) (AXj) = 0 
оо, A,X, +a АХ, t.a A X= 0 e (3) 
Multiplying (2) by A, and subtracting from (3) we get 
€, (А-А) Х + à, (А-А) X, +..+ (А-А) 0 5 (4) 
and since А A,....A, are distinct and a,...@, are non zero, 
we have о. (А-А) 0; 1 = 2,3..... 
Thus (4) gives a relation whose length is j-1, giving a contradiction. 


Hence X, X,......X, all linearly Independent. 


Property : 8 


The characteristic roots of a Hermitian matrix are all real. 


Proof : 
Let A be a Hermitian matrix 
Hence А = A! (by thrm 3.17) үн (1) 


Let À be a characteristic root of А and Let X be a characteristic vector 
corresponding to À: 


AX = AX a (2) 


Now, 


LXIX 


АХ-ЭХ > Xl AX 


= (XI AX)" X! X (since XT AX in a 1x1 matrix) 


| 


= ХТАТ(ХТу = a XTX 


146 


ХТАТХ = AX X 


=> 

= ХТАТХ = AXIX 

— ХЇАЇХ = ХХІХ 

=> XT AX = XXTX (using 1) 

=> | ХЇТАХ = XXTX (using 2) 

= МЖХЇХ) = (ХХ) wanes (3) 
Now | XIX = XTX = xpi хәху)+...+ Хаха 


= publ - Л хай 
= 0 
From (3) we get A = X 


Hence A is real. 


CoroHary : 
23- 


‘The characteristic roots of a real symmetric matrix are real. 


Proof : 

We know that any real symmetric matrix in Hermitian. Hence the result follows 
from the above property 
Property 9 : 

The characteristic roots of a skew Hermitian matrix are either purely imaginary 
Or Zero. 
Proof : 

Let A be a skew Hermitian matrix and А be a characteristic root of A. 

oo |А-АЦ = 0 

oo 13-11 = О 

o> iA 18 a characteristic root of А. 

Since A is skew Hermitian iA is Hermitian. (Refer result (iv) theorem 3.18) 


c» By theorem 13. is real. Hence À is purely imaginary or zero. 
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Corollary : 


The characteristic root of a real skew symmetric matrix are either purely 
imaginary or zero. 


Proof : 


We know that any real skew symmetric matrix is skew Hermitian. 


Hence the result follows from the above property. 
Property 10: 


Let À be a characteristic root of an unitary matrix A. Then 111 = 1 Ge) the 
characteristic roots of a unitary matrix are all the unit modulus. 


Proof : 


Let А be a characteristic root of an unitary matrix A and X be a characteristic 
vector corresponding to A. 


oo AX = AX } 7 07 --(1) 
Taking conjugate and transpose in (1) we get 

-Al _ sax 

(AX) = (AX) 
Se ХА - ұт ees (2) 
Multiplying (1) and (2) we get 

(XTAT ТАХ) = (xx'Jox) 
So. XT(ATA)X = Xx x) 
Now, since A in an unitary matrix qT, = 1 
Hence X! x = (№) ХЇХ 
Since X is non-zero vector зү! in also non-zero vector and 
X'x-7 х + of... xa^ 0- 
. weget4X = 1 

Hence |А = 1 => Hence |A| = 1. 
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Corollary : 
Let \ be a characteristic root of an orthogonal matrix A. Then 1A1 = 1. 


Since any orthogonal matrix is unitary the result follows from property 10. 


Property 11: 


Zero in an eigen value of A if and only if A in a singular matrix. 


Proof : 


The eigen values of A are the roots of the characteristic equation |A-AI| = 0 
Now, 0 is an eigen value of A © |A- 01 = 0 


€» |А| = 0 


<> А is а singular matrix. 


Property 12: 


If A and B are two square matrics of the same order then AB and BA have the 
same eigen values. : | 


Proof : 


Let à be an eigen value of AB and X be an eigen vector corresponding to À. 


— 


oo (AB) Х = AX 
E B(AB)X = B(AX) = A(BX) 
oo (BA) (BX) = (BX) 


oo (BA) Y=AY where Y = BX. 
Hence А is an eigen value of BA. 


Also BX is the corresponding eigen vector. | 


Property 13 : 
If P and A all nxn matrices and P is a non singular matrix then A and P^! AP 


have the same eigen values 


Proof : 
Let B = P^! AP. 


To prove A and B have same eigen values, it is enough to prove that the 


characteristic polynomials of A and B are the same. 
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Now [B-AI| = |P AP—AI| 
= |P-'AP-P-'(AT) P| 
= |P-(A-ADP| 
= Р |А-А Р 
= Р ЦРА-АГ 
= ЇРЭР|А-ЭД 
= [ШШ А-Х 
= JATA 


c» The characteristic equation of А and P^! AP are the same. 


Property 14: 


If à is a characteristic root of A then f(A) is a characteristic root of the matrix 
КА) where f(x) is any polynomial. 
Proof : 

Let f(x) = аүх"-а,х" га, (xta, 

Where a, # Oand a,a,....a, are all real numbers. 

oo ҚА) = аА" + а А-!+...+а, | Atal 


Since А іп a charactertic root of A, А" in a characteristic root of A? for any 
positive Integer n (refer property б) 


oo A®X = AMX 
А=!Х = АЧХ 
АХ = АХ 
ау АХ = а" 
оо a, AT IX == а AP IX 
a, AX = а АХ. 
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Adding the above equations we have 
ajAPX + а, АзХ +.....+а_, AX 
= а АХ + a, AM TK +....+ а (АХ. 
oo (aA "+a, At l+..ta,,A)X = (а А+аА2-1+....+а АХ 
c» (а Апа Ат-1+...+а, | Ata DX = (ад + a A77 +... +a А ta )X 
oo f(A)X = КАХ 


Hence f (А) in a characteristic root of f(A). 


Problem :1 


If X, X, are eigen vectors corresponding to an eigen value à then aX,+bX, (a,b 


non-zero scalars) in also an eigen vector corresponding to A. 


Solution : 
Since X,and X, are given vectors corresponding to à, we have 
AX, = AX, and AX, = AX, 
Hence A(aX,) = A(aX,) and A(bX,) = A(bX,) 
& A(aX,+bX,) = Мах, *bX;) 


Ф aX,+bX, in an eigen vector corresponding to À. 


Problem 2 : 


3 10 5 
If the eigen values of A — -2 -3 -4| are 2,2,3 find the eigen values of A^! 
3 5 7 


and A? 


Solution : 


Since 0 is not an eigen value of A, A is a non singular matrix and hence A`! 
exists. 


1 1 : 
Eigen values of A^! are m and eigen values of A? are 22, 22, 3? 


N |e 
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Problem 3 : 
Find the eigen values of A? when 
3 0 0 


_|5 4 0 
3 6 1 
Solution : 
The characteristic equation of A is obviously (3-4) (4-4) (1-4) = 0 
Hence the eigen values of A are 3,4,1. 


& The eigen values of A? are 3°, 47, 1°. 


Problem 4 : 


Fínd the sum and product of the eigen values of the matrix 


3 —4 4 
1 -2 4) without actually finding the eigen values. 
1 -1 3 


Solution : 


3 4 4 
277 тА 
1 -1 3 


Sum of the eigen values = trace of A = 3+ (-2) + 3 = 4 product of the eigen 
values = |A| 


3 4 4 
Now, |A| = bonos 
1-1 3 


3(-6-4) + 4(3-4)-4 (-142) 
-6-4-4--14 


со Product of the eigen values = —14 
Problem 5: 


cosO jd 


Find the characteristic roots of the matrix | : 
—sinO  cosO 
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Solution : 


со50  -sinO 
Let А = —sinO  cosO 


The characteristic equation of A in given by |A-AI| = 0. 


cos0-À  |-sinO 
- 0 





—sinO С050-4 
& (cos0—A)? -sin?0 = 0 
c» (со50-4--58100) (cos0—A-sinO) = 0 
oo [A—(cos0—sin0)] [A-(cos0-sin0)] = 0 


& The two characteristic roots of the matrix are (cos0—sinO) and (cosO-sin0) 


Problem 6: 


Find the characteristic roots of the matrix 


cosO  J-—sinO 
A= —sinO -cosO 


Solution : 


The characteristic equation of A in given by |А-А = 0. 





cos0 — А —sinO 
097) sing —-cos0- d d 
9 -—(cos?20-22) -sin^?O = 0 
% A?-(cos?0 + 5Шш20) = 0 
оо 12-1 = 0 


o> The characteristic roots are 1 and —1 


Problem 7 : 


Find the sum and product of the eigen values of the matrix. 


| [а 812) . 
A= ee dei without finding the roots of the characteristic equation. 
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Solution : 
Sum of the eigen values of 
A = trace of A=a,,+a,, 
product of the eigen values of 


А = [Al = аа, — а аз 


Problem 8: 


. Verify the statement that the sum of the elements іп the diagonal of а matrix 1 
the sum of the eigen values of the matrix. 


= 2 p 
A= 2 1 -6 
EL -2 0 


| Solution : 


The characteristic equation of A is |AAAT| = 0 


uA 2 3 
(ie) 2 1-A -6| _ o 
eb 220 


(ie) (C221)((02.))(73)-12]-2[-24.-6]-3[-4*(1-4.)] = 0 
(ie) -2-X) (32-3-12) + 4(443) + 3(443) = 0 
(ie) -232-23-424-13-32-121-443-412-33:49 = 0 
(ie) -33-32-213-445 = 0 
(ie) 2432-213-45 = 0. 


This is a cubic equation in à and hence it has 3 roots and the three roots are the 
three eigen values of the matrix. | 


sel 


coefficient of 22 
coefficient of a2 


The sum of the eigen values = — | 


The sum of the elements on the diagonal of the matrix 
A = -2+1+0=-1 


Hence the result. 
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Problem 9 : 
6 -2 2 


The product of two eigen values of the matrix A = ; : 3 is 16. Find the 
third eigen value. What is the sum of the eigen values of A ? 


Solution : 

Let A, A, A, be the eigen value ; of A. Given, product of 2 eigen values (say) A, 
A, is 16. 

Soh, À, = 16. 

We know that the product of the eigen value is |A| 


6 -2 2 
| —2 3 -1 
16 A, Àn À, = 
89) Ee 2 -1 3 
(ie) 164, = 6(9-1) + 2 (-6+2) + 2 (2-6) 
= 48-8-68 
= 32 
oo А. = 2 


o» The third eigen value is 2. 
Also we know that the sum of the eigen values of 


A = trace of A = 6-343 = 12 


Problem 10: 


The product of two eigen values of the matrix 


2 2 -7 
212 1 2|; . : 
A= is — 12. Find the eigen values of A. 
0 —3 


Solution : 


Let А, А, Аз be the eigen values of A. Given product of 2 eigen values, say h, 
and à, is —12. | | | 
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s MA, m 2000000000000 Ln (1) 
We know that the product of the eigen values in IA]. 


2 2 -7 

& 00MM = : p 
(1e) 12 à, = -12 | 
co P ох (2) 
Also we know sum of the eigen values = Trace of A. 
со A tÀ +À, = 2+1-3=0 
dt М+А = -l(wing2) ——— 0 aaua (3) 
using (3) in (1) we get 

3((-1-А,) = -12 

М*+М-12 = 0 

(A, +4) (A,-3) = 0 

oo A, = 3or-4 


Putting А, = 3 in (1) we get À, 5-4 or putting À, 7 —4 in (1) we get №, = 3 
Thus the three eigen values аге 3, —4, 1. 


Problem 11 : 
Find the sum of the squares of the eigen values of 


3 1 4 
A = 10 2 6 
005 


Solution : 


Let A,, Ал, A, be the eigen values of A. We know that А12, А,2, 14? are the eigen 
values of A?. 


Банн 


з 1 4\{з 1 
АЗ = |0 2 6||0 2 
оо 5) (0 о 


л С Б 
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9 5 38 

о А 42 

O о 25 
oo Sum of the eigen values of A? = Trace of A? = 9+4+2 5 
(ie) А ,2+A,2+A,2 = 38. 


oo Sum of the squares of the eigen values of A = 38. 


Problemi 12 : 


Find the eigen values and eigen vectors of the matrix. 


1 1 3 
Ас. 
3 1 1 


Solution : 


The characteristic equation of A in |A—AI| = О. 


1-4 1 3 


oo (1—2) 1(5-3) 1-3) —11-[(1—2.)—3] + 3 [1—3(5-—2)] = О. 
(1-3) (A*7—6A+4) + (А+2) + 3 (3A—14) = 0 
A.7—-62.44—-A34+-6A72-4A4+/7 + 2+9А. — 42 = 0 

oo —ÀA? +7А2—36 = О Hence А-7А2+36 = 0 

со (A+2) (А2—-9А+18) = О 

Hence (А+2) (A—6) (А3) = 0 


Case (1) : 


со À — —2,3,6 are the three eigen values. 

Eigen vector corresponding to А = —2. 
X1 

Let X —|^2| be an eigen vector corresponding to А = —2. 
ХЗ 
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1 1 3||x, —2х1 
(ie) 1 5 1 X? - -2Х2 
3 1 1 X3 —2X4 
oo X,+x,+3x, = -2Х, 
X,+5x,+x, = -2x, 
3X ,+x,+x, = —2X4 
ct Зху+х, 3х = 000 (1) 
ХИЧ ORE (2) 
лу ео 0 и . === (3) 


Clearly this system of three equation reduces to two equations only. From (1) & (2) 
We get x, = —2k ; x, = 0 x, = 2k. 


c» It has only one independent solution and can be obtained by giving any value 
to k say К = 1. | 


& (—2,0,2) in an eigen vector corresponding to А = —2. 
Case (ii) 


Eigen vector corresponding to À — 3 


Then AX = 3X gives 
баени -2x, + x, + 3x, = 0 
X,+2x,+x, = 0 
3x, + Х,- 2X4 - 0 


Taking the first 2 equations we get 


Taking k = 1 (say) (-1,1,-1) is an eigen vector corresponding to A = 3 
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Case (iii) 


Eigen vector corresponding to A = 6 


we have AX - 6X. 
Hence —5x,+x,+3x, = 0 
X,—X,tx, = О 
3x,+x,-5x, = 0 


Taking the first two equation we get 


x, =k; x, = 2k x, = К. It satisfies the third equation also. 


Taking k = 1 (say) (1,2,1) is an eigen vector corresponding to A = 6. 


Problem 13: 


Find the eigen values and eigen vectors of the matrix. 


6 2 2 
А--|-2 3 -l 
2 ep 3 


Solution : 


The characterstic equation of A 1s |A-AI| = О 


2 -1 3-4. 
(6А) [(3—A)2 —1] +2 [2—6)*2] +2 (2-6-22) = 0 
(6-3) (8-32-63.) -43.-8-43-8 = О 
48--612-363-4383-423--632-832-16-0 
-33-12132-363-432 = 0 
Hencé 33-12232-363-32-0 
So (3-2) 0-2) (А-8) = 0. 


oo The eigen values аге 2,2,8. We now find the eigen vectors. 
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Case (i) : 
À = 2. 
Xj 


The eigen vector X = | *2 | is got from AX = 2X 


X3 
со бх, – 2х, + 2х, = 2X, 
—2x, +3x,-x, = 2x, 
2X,-X,+3x, = 2X4 
oo 4x,-2x, +2x, = 0 
—2x,+x,-x, = 0 
2x,7x,tx,. = 0 


The above three equations are equivalent to the single equation 2х ,-X,+x, = 0 


The independent eigen vectors can be obtained by giving arbitrary values to any 


two of the unknowns x, x, x,. 
Giving x, = 1; x, = 2 we get x, = 0 
Giving x, = 3; x, = 4 we get x, = 2 


со The two Independent vectors corresponding to À = 2 аге (1,2,0) and (3,4,—2). 


Case (ii) 
№ =8. 
X] 


The eigen vector X = |*2 | is got from 


X3 
AX - 8X. 
oo -2x,-2x,t2x, x х. (1) 
-2Х:-5Х-Х,/ = 0 nee (2) 
PRK ORs ieee (3) 
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From (1) and (2) we get 


oo X = 2k; x, =-k; x, =k. 
Giving k = 1 we get an eigen vector corresponding to 8 as (2,-1,1). 


Problem 14: 


Find the eigen values and eigen vectors of the matrix 


2 2 3 
д=|! 1 d 
1 3 -I 


Solution : 
The characteristic equation of A in |А-1|-0 _ 
2ek 82: 2 
Ї 3 -1-A 
| 
o (2-3) [-(1-A) (1+А)-3]+2[-01+А)-1] +2 (3-4-4) = 0 


5% (2-3) 02-4)-2 (2+А) +2 (249) = 0 

c» 232-8-32--43-4-23л4:4423. = 0 

d» -АЗ+2А2+4А-8 = 0 

Hence 37-232-4348 = 0 

c» (A-2)(A72-4) = 0 

Hence (A—2) (А-2) (А+2) = 0 

À = 2,2,-2 are three eigen values. 
Case (i) 

А = 2. 


Let X = (x, x, xj) be an eigen vector corresponding to A = 2, x is got from 
AX=2X. 


161 


< The eigen vector corresponding to X = 2 is given by the equations. 


2x,-2x,*2x, = 2x, 

X tx, +x, = 2x, 

х,+3х,-х, = 2x, 
(1е) —Kotk, = 0 00 0 7007 (1) 
| X.xd4X. OC 327”, (2) 
х,+3х,-3х = 0 чт (3) 


Taking (1) and (2) we get 


Ф X, =O x, = Кх, = К. 
Taking К = 1 we get (0,1,1) as an eigen vector corresponding to А = 2. 
Case (ii) 
= —2. 
Corresponding {о А = —2 we have AX = —2X. 


oo 2x ,-2x,+2x, = —2x, 
X tX, +X; = —2X, 
X,+3x,-xk, = -2Х, 

oo 2x,-X,tX, = 0 
X,+3x,+k, = 0 
x,t3xj,tX, = 0 


æ Taking the first two equation we get 
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Taking k = 1 we get (—4,-1,7) as an eigen vector corresponding to the eigen 
value А = -2. 


Hence the problem. 


8 -6 2 
. |-6 7 -4 
15. Find the eigen values and the eigen vectors of the matrix 204 


Solution : 


8 -6 2 
Let A = 6 7 -4 
2 -4 3 


The characteristic equation of the matrix A 1s 


8—A  -6 2 
2 -4 3-4 


(8-32| 7-3) (3-2) —16] +6 [-6(3-A) +8] +2 [24-2 (7-A)] = 0 
(8-2 [A2-10A+21-16] +6 [-18+6A+8] +2 [24-14+2] = 0 
(8—A)[A2—10x+5]+6[6A—10]+2[2A+10] = 0 
-43-1832-853:4-40--36Х-060-41420 = 0 

--4341832-453.--0 
1318224452 =0 
À(42—182.-45) = 0 
À(X—3) (А15) = (0) 
À = 0, 3,15. 
Hence the eigen values of the given matrix аге (0,3,15). 


For the given matrix, the equation (A-AI)X = 0 


8—A —6 2 || X 
is | —6 7-4 -4 х? = () 
2 -4  3—À|Ix3 
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Hence the eigen vectors x is given by the equations 


(8-2)хү-бху рх, = 0 
6х +(7-А)х,-4х, о р (1) 


2x,-4x,+(3-A)x, = 0 


il 


Case (i) When A = 0, the equations (I) are becomes, 


8x,-6x,t2x, RS (1) 
—6х,+7х,-4х, = 0 pS (2) 
2x,-4x,+3x, = 0 a (3) 


Since the equations are linearly dependent, we can omit one of them. 


From (2) & (3), we have 





yxy 
21-16 -8-18 24-14 
Х| 82.53 
= 10 10 


X _ 572.73 
(0) 3775773 


Hence the corresponding eigen vector is 
1 
X= 2 
2 


Also every non-zero multiple of this column vector is an eigen vector 
corresponding to A = 0. | 


Case (ii) 
When A = 3, the eigen vector is given by the equations 
5x,-6x,t+2x, = 0 00000 0 00000 0 0 00 тттт (4) 
—6x,t+4x,-4x, = О 0 0 т7тт (5) 
Q2x4xj0x, = 0 -------(6) 


From equations (5) and (6) we have 
Хр _ X2 . X3 
0—16 -8+0 24-8 


. 
—— 
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-16 -8 16 

X1 х? X3 

Or — = ee = ——- 
2 
Hence the corresponding eigen vector is Х, = Р 


Case (iii) 


When A = 15, the eigen vector is given by the equations, 











—7x,-6x,-2x, = 0 о CL eee (7) 
—6x,7-8x,-4x, = O0 2477-7 (8) 
2Х,-4х,-12х, = 0 шэг... (9) 
From the equations (8) and (9), we have 
^1 = x2 _ X3 
96 —16 -8-72 24-16 
21 x2 Х3 
80 -80 40 
i 21022222) 
(1e) 2 - P 
A 
Hence the corresponding eigen vector is x4 — -2 
1 


The three vectors [1, 2, 2], [2,1,-2] and |2,-2,1| are linearly independent. 


16. Find the eigen values and the eigen vetors of 
3 10 5 
-2 -3 -4 
3 5 7 


Solution : 


3 10 5 
Let A xw [pem moo 
3 5 7 


The characteristic equation of the given matrix is 


3-3 10 5 


(3-3) [-(3+A) (7-3)-201-10 (-2(7- шин +5 [- 10+3(3+2)] = 
(3-3) (32-43-1) –10 (24-2) + 5 (3A-1) = 
—~A3+7A2-16A412 = 0 
A3-7A2+16A-12 = 0 
A2(A-2)-5A(A-2) +6 (3-2) = 0 
(A-2) [A2-5A+6] = 
_ (0—2) (3-2) 0-3) = 0 
A = 2,2,3. 


(1e) the eigen values of the given matrix аге (2,2,3) 


Case (i) 
Taking à = 3, the corresponding eigen vector is given by the equations. 
Ox,+10x,+5x, = 0- ИИИ Э ЭХ (1) 
-2хү-6х,-4х, = 0 eg (2) 
3х,55х,44х, = O0 7:7 2 1 1 1 тттт- (3) 


From equations (2) & (3), we have 





X] _ X22 Х3 
—24 4 20 -12-8  -10418 
22 21 uu 22-03 
(ie) -А -4 8 
| X | x2, X3 
ае) 1 1 -2 
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Case (ii) 


Let А = 2 (the equal root), the components of the eigen vector are given by the 
equations 


ху+10х,+5х = 0 0 0000 ea (4) 
“-2Хү-ЭХу-4Х, = 0 шавыг (5) 
Зх,+5х,+5х, = 0 SEE) 
From equations (5) and (6), we have 
X] E Хэ. E X3 
—25 + 20 -12 +10 -410-15 
E NE 
—5 —2 5 
» иа е 
(ie) 5 2-5 
5 
212 
Непсе X, = 
-5 


The eigen vectors X, has also to be the same form as X, and hence it is linearly 
dependent on X,. | | 
Exercises : 


1. For each of the following matrices find the characteristic vectors corresponding 
to each characteristic root. | 


8 -6 2 22 1 
)|-$ 7 4 ® 2; 
2 -4 3 Г 2 2 
2. Бог what value to k 1s 3 a characteristic root of 
3 3. al 
3 5 ~k 
3 k -1 
3. Find the characteristic equation of the matrix 


2 3 1 
А-(3 1 2] and prove that the matrix 
12 3 
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has the same characteristic equation. 


4. Find the characteristic roots and the corresponding characteristic vectors of 


1 -1 -1 


A3+A2+Atl if А = l P И 
1 PS 


a b 1 1 
5. Show that the matrix Е 4 has the two eigen vectors 8 and 8 


6. Find the eigen values and eigen vectors of the following matrices. 
3 —4 4 3 1 4 1 1 3 6 -2 2 3-1 3 
; 1 5 1 -1 3 -l 9 -1 9 
GJ a - 5 Gp (iv) (v) 
4 -1 3 00 5 1 1 2. 3 T p 


5.3. RANK OF A MATRIX 
We now proceed to introduce the concept of the rank of a matrix. 
Definition : 


Let A = (a, j) be an mxn matrix. The rows Ri = (а. ,а,,,.. a.) of A can be thought 


of as elements of F”. The subspace of р generated by the m rows of A 18 called the 
row space of A. 


Similarly, the subspace of F" generated by the n columns of A is called the. 
column space of A. 


The dimension of the row space (column space) of A is called the row rank 
(column rank) of A. 


Theorem 5.2 : 


` Any two row equivalent matrices have, the same row spate and have the same 
TOW rank. 


Proof : 


Let A be an mxn matrix. 
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It is enough if we prove that the row space of A is not altered by any elementary 
row operation. Obviously the row space of A is not altered by an elementary row 
operation of the type R&R, Now, consider the elementary row operation. 


R;—cR; where ceF- (0j. 


Since L({R,,R,,.-R,,...R,}) = L ({R,,R,,....cR,,...R,}) the row.space of A is not 
altered by this type of elementary row operation. 


Similarly we can earily prove that the row space of A is not altered by an 
elementary row operation of the type R,>R,+cR,;. 


Hence row equivalent matrices have the same row space and hence the same 
row rank. 
Theorem 5.3 : 


Any two column equivalent matrices have the same column rank. 


Proof : 
Let A be an mxn matrix. 


It is enough if we prove that the column space of A is not altered by any 
elementary column operation. 


Obviously the column space of A is not altered by an elementary column 
operation of the type СС, 


Now, consider the elementary column operation. C,—rC; where r e Е — {0}. 
Since L (1C,,C,,....C,,...C, }) = L (1C,,C,....1C;,...C,]) 
The column space of A is not altered by this type of elementary row operation. 


Similarly we can easily prove that the column space of A is not altered E an 
elementary column operation of the type C; C;*rC; | 


Hence column equivalent matrices have the same column space and hence the 
same column rank. 


Theorem 5.4: 


The row rank and the column rank of any matrix are equal. 
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Proof : 
Let A — (а,) be ап mxn matrix. 
Let R,, R,,....R,, denote the rows of A. 
Hence R. = (34.2,5,....a;, : 
Suppose the row rank of A is r. 
..Fhen the dimension of the row space is г. 
Let v, = (b,,,.....,b,,), Уу 05: Озо) 
у, = (b,,,....b,,) be a basis for the rowspace of A. 


Then each row is a linear combination of the vectors РТУ 


r“ 


Let R, = kV, + k,5V5+ 2211 +k, У, 
R, = k,,V,+k,,v,+. 2 +k, у, 
R n Kni Yi К+ Kary 


Where к,ЄР 


Equating the ith component of each of the above equations, we get 


ац = kb + k, 5b, +..... +k, ,b,; 
а, kb, КБ. t..... Tk; 
dni ы kn 1 b 1 ua ча а UNE +k 0н 
a 
н k11 k12 ki 
= De 402: - d. tb 
a А 
an kmi km2 Kmr 


Thus each column of A is a linear combination ofr vectors. 


Hence the dimension of the column space <r. 
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& Column rank of A < r = row rank of A. 
Similarly, row rank of A < column rank of A. 


Hence the row rank and the column rank of A are equal. 


Definition : 


The rank of a matrix A is the common value of its row and column rank. ` 


In other words, the rank of a matrix is the largest order of any non-vanishing 


minor of the matrix. 


Note 1 : Since the row rank and column rank of a matrix are unaltered by elementary 


row and column operations, equivalent matrices have the same rank. 


I, 0 
In particular if a matrix A is reduced to its canonical form, | : | then rank of 
А = т. 


Thus to find the rank of a matrix А, we reduce A to the canonical form and find 


the number of non-zero entries in the diagonal. 


Note that in the canonical form of the matrix A, there exists an rxr sub-matrix, 
namely Ir, whose determinant is not zero. | 


Further every (т+1) x (r+1) sub-matrix contains a row of zeros and hence its 
determinant 18 zero. ; 


Also under any elementary row or column operation the value of a determinant 
is either unaltered or multiplied by a non-zero constant. 


Hence the matrix A is also such that 

(1) there exists an rxr sub-matrix whose determinant 18 non Zero. 

(ii) The determinant of every (r* 1)x(r*1) sub—matrix is zero. 

Hence one can also define the rank of a matrix A to be rif A satisfies (1) and (11) 


Note 2 : Any non-singular matrix of order n is equivalent to the identity matrix and 
hence its rank is n. | 


~ м 


ЫН 


Note 3 : The rank of a matrix is not altered on multiplication by non-singular matrices, 
since premultiplication by a non-singular matrix is equivalent to gpplying elementary 
row operations and post-multiplication by a non-singular matrix is equivalent to 
applying elementary column operations. í | | 
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Solved problems : 


Problem 1 : 
4 2 1 3 
l. Find the rank of the matrix A — 6 3 4 7 
2 1 0 7 
Solution е 


1243 
~ |43 6 Tose, 
7 


1-0 0 О [Су — Cy -2C, 
4 -5 -10 5 (Сз ә Сз – 48 
О 1 2 7 |C4 — Сд – ЗС 


1 0 0 O 
0 al ee 
Сд > C4-C 
0 6 4 4 2 


© 
e 
ON 
e 


© 
© 
а 
ар 


oo Rank of A = 3. 
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2. Find the rank of the matrix А = 2 : А 
Solution : 
1 2 3 
д = 12 3 1 
-2 -3 -l 
1 3 
2 1 
is R,— R,+R, 
0 
3 
А] = |2 > }=0 
0 0 0 


oo Rank of A #3. 


But there is atleast one non-zero minor of order 2, namely 





1 2 
> 3 which is 5-1. 


Hence Rank of A - 2. 


1 2 3 
3. Find the rank of the matrix A = 23 1 
3 1 2 
Solution : 

1 3 

A. m 2 3 1 

3 1 2 

] 3 

А| = 2 3 1 

2 


= 1(6—1)—2(4—3)+3(2-9) 
= 5-2-21=-18+#0 
oo Rank of A = 3 
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1 2 1 2 
1 3 2 2 
4. Find the rank of matrix |2 4 3 4 
| 3 7 4 6 
Solution : 
Let A be the given matrix. 
1 2 1 2 
E ar — В. 3R 
А ~ |2 4 з 4| 4^ ^^4 ^M 
O 1 1 0 
1 2 1 2 
1 3 2 2 
Ез > Ёз {Еу +В. 
~ lo -1 o 0183 2 Ra-(Ri * R2) 
O 1 1 O 
1 2 1 2 
AR. Ole — Е. R 
~ lo -1 о o| 2 ^^2^7^1 
0 1 1 0 


In this final form of A, the fourth order determinant 


1 1 O 
21010 =, 
1 1 O 
The minor of order 3 namely 
1 2 1] 
| 1 1 = 10)=1#0 


oo Rank of A = 3. 
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5. Find the rank of the matrix. 
1 -7 3 -3 
А = 7 20 -2 25 
Solution : 


69 —23 46| Сз ә C34-3C] 
5 33 -1 22 | C4 — C44 3C2 


Со > C2 +3 


| о 0 0]C,5€C2-«7Ci 
| Сд э Сд + 2 


5 11 -11 11 


1 0 0 

7 23 Сз э C3 + C2 
Е Сл ә Сл -C 

51100 4^4 7 


In this final form of A, the fourth order and third order determinants are 0. 


The leading minor of order 2 is 


1 





= 230 


T 23 
до The rank of A = 2. 
1 1 1 1 
6. Find the rank of the matrix A = ал by examining the determinant, 
03 4 2 
minors. 
Solution : 
1 1 1 1 1 1 
4 10 . О = 102 
0 3 4 3.4 2 
1 1 1| 1 1 1 
4 1 2). 0 = 4 0.:2 
0 3 2 0 4 2 


c» Every 3x3 submatrix of A has determinant zero. 


] 1 
Also, |, | 77350 








& Rank of A = 2. 


Exercises : 


1. Find the rank of the following matrices. 
le 2 3 23 4 
(a) 23 4 (b) 3 1 2 (c) 
0 2 2 22 2 
1 -1 O 2.1 
» x x ч $ 1 1 3 
(5|? 3 9 -1| (4010 3 
l p ak Ө 9 -1 2 3 7 
2: Find the column rank of the matrices. 
1 2 -1 3 3 1 5 -i 
(a) 2 ч 1 -2 (b) 1 -2 1 —5 
3 6 3 -7 1 5 -7 2 


(Hint : Row rank = rank of the matrix = column rank). 


3. Find the row rank of the matrix 

1 3 1 2 

11 4 3 -1 

2 3 -4 -(7 

3 8 1 -7 
Answers : 
1. (а) 3 (b) 2 (c) 1 (d) 3 
2. (a) 2 ` (b) 3 
3. 2 
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(e) 3 


LINEAR ALGEBRA | UNIT - 6 


6.1. REDUCTION TO NORMAL FORMS 


Definition : 


By means of elementary operations any non-zero matrix can be reduced to a 


simple form called the normal form of the matrix. 


Theorem 6.1 : 
Every non-zero mxn matrix A can be reduced to a matrix of the form 
Ir r п-т a 6 . е | 
О О by successive applications of a finite sequence of elementary 
m-r,r m-r,n-r 
row and column operations where Op,q is the pxq zero matrix. 


Proof : 


Proof 15 Бу induction on the number of rows of A. Let m = 1, (1.е.,) A has only 
one row, say А = (a,,, ад» ain). 


Since A z 0, by interchanging coloums, if necessary we can bring a non-zero 
entry a in the first place.Multiplying A by a^! we get 1 in the first place Make the 
other entries of A zero by adding suitable multiples of 1 of them. Thus, the theorem 15 
true when m-1. 


Assume that the theroem 1s true for any non-zero matrix with mel rows. Let A 
be a non-zero mxn matrix. | 


Let ai; be a non-zero entry of A. Interchange the 1* and i rows; then 
interchange the 15 and ј® columns. We then have à; in the (1, 1) position. np 
the first row by a, -l we get 1 in the (1, 1) position. 


All other entries in the first column can be made zero by adding suitable 
multiples of first row to each row. Similarly, all other entries in the first row can be 
made zero. We thus arrive at a matrix of the form 


100 .. 0 


0 | | | 
‚ , where B is an (m-1)x(n-1) matrix. By induction hypothesis, B can 
0 


be reduced to the desired form by elementary operations. 
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However, any elementary row or column operation on B can be considered as an 
elementary operation on the corresponding rows or columns of A and does not alter the 
first row or the first column of A. Hence the theorem. 


Corollary 1 : 


Let A be a non-zero mxn matrix. Then these exist non-singular square matrices 
P and Q of orders m and n respectively such that PAQ is a matrix of the form 


| Ir О; n-r 
Om-ror Ош-гыа-г/ 
Proof : 


We know that every elementary operation on А is equivalent to multiplying A 
by an elementary matrix. 


со The previous theorem can be stated as 

Ir Or а-г 
m-ro  Om-r,n-r 
where P's and Q's are elementary matrices. 


But elementary matrices are non-singular and any product of non-singular 
matrices is also non-singular. 


ob if Р T Р, = P and Ө ere О, TT Q 


| | I, Or n-r 
where P,Q are non-singular matrices, then from (1) РАО = | су 


m-r,r Om-r,n-r 


Corollary 2 : 


Any non-singular square matrix A of order n is equivalent to the unit matrix I,. 


Proof : 


By corollary 1, there exist non-singular square matrices P and Q such that 


pA I, О; п-т 
Q= On-r,r On-r,n-r 


Since P, A and Q are non-singular the matrix PAQ is also non-singular. 


n' 


I, Or n-r | нв 2 I, Orne : 
"lo is non-singular. This is possible iff | o e 


n—r,r On-r,n-r n—r,r On-r,n-r 
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Examples : 


1 2 1 
1. Find whether the matrix A = -1 0 is equivalent to I, 
2 1 —3 
1 2 1 
K = -1 0 2 
2 1 -43 


diio н R2 > R2+R 
— lo 2 з |82 2*Rj 
5 R35  R3—2R] 

3/2 


о —3 
] O 
áo Сэ — Сә — 2C] 
ni Сз > Сз – С 
1 О 
й о 1 R5 > — 7 R2 
0 3 R3 > (— "Ra 
1 O 
4110 1 гн Ез —> R3—3R5 
O O 1/2 
1 O 0 
_ |0 1 О [R2 — R5 > ЗВ; 
O о 1/2 
1 O O 


o 
o 
яд 
UJ 
v 
М 
A 
UJ 


ы 


oo А is equivalent to L. 
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2 2 0 6 
4 2 02 
2: Reduce the matrix 1-10 3 to its normal form 
1212 
Solution : 
2 2 0 6 1-10 3 
4 2 02 4 2 0 2| noln 
2 
1 -1 0 3{~ |1 -1 0 3р, вав: 
| 2 ү 2 0 -1 1-1 
1 оо 0 
4 6 О -10|C25 С +8 
-11 0 0-0 (Са C4-3Ci 
0 —1 1 -1 | 
1 0 0 0 
0 1 0 -5/3|R; o im, 
~ lo -1 1 чы 6 
Кз < Кд 
ооо O0 
100 0 
dE. а зна 
s 1 мї ва" 2 
ооо 0 
[100.0 
V ORUM и C5 ә C5 +С 
-10 0 1 -8/3| ? 2 3 
0 0 0 0 
1000 
did dba гое 
~ loo 1 0) “6 379 
0000 
Із Озі 
~ (Oj3 О 


Exercises : 
2 3 
1. Find the matrix obtained from A — l 


1 
0 2/4 Ivins im thi 
y applying irt this order 
3 


(i) the elementary row operations RR, R;,—2R,, R,—R,-R, and 


(11) the elementary column operations С,-»-2С,, C,<>C,, C2 C,-C,. 


2. Reduce to normal form the matrices, 
1 2 0 -1 1:2 3 | б 
Жэ. 1 -7 
0|? 41 7) 00122118 5 1 Ч 
—2 3 2 S 3 1 2 | 


. 6.2. SIMILAR AND CONGRUENT MATRICES 


Definition : 


Let;V be an n dimensional vector space over a field F. Let TeA(V) have the 
matrix M,(T) in the basis (v,,v,,....... »v,+ and the matrix М,(Т) in the basis 
(WpW»,....W,j. We are interested in knowing whether there exists any relationship 
between the matrices M,(T) and М,(Т). The following theorem gives an answer to this. 


theorem 6.2: 


Let V be an n dimensional vector space over a field F. Let TeA(V) have the 
matrix. М,(Т) in the basis (v,,v,,.....,v,J and the matrix M,(T) in the basis {w,,.....w 
Then there exists a non-singular matrix P of order n such that М/Т) = P! M,(T)P. 


Proof : 


Let M (T) = (aj) and M,(T) = (bi) 


By definition, 
ТСУ) = a,V tay Vot....... + а Ур 
I(w) = Буму+Ы у, +... Ы, ј=1,2,...п. 


Define а тар S:V—V by 5(у,) = w; 


Clearly 5 15 a linear тар. 
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Also . veV>v = QW. tO, W.t........ TO, W 


— v = a,S(v,)t+a,S(v,)+.....4a,S(v,) 
=> у = S(a,v,t......ta,v,) 
— у = S(v!)where vig O,V,t.....F+0,V,EV 


oo S is onto. 
By using the theorem, 


Let V be finite dimensional over F and let TeA(V). Then the following are 
equivalent. 


(a) T 18 regular 

(b) T 1s non-singular 

(c) T 1s onto. 

S 15 regular 

oo 87! exists in A(V). 

Now T(wj) = bi Wit.. +D Ww, 
= b,S(v,)+.....+b, S(v,) 
= 50(0,Уү8..4К0,(У,) 6 

Be (S"TS)v) = (S-'T\S(v)) | 
= (S"T)(w) 
= $(T(w)) 


= (S'S)(b,,¥;+......+b,v,) 


nj n 


Hence the matrix of S"!TS in the basis {v,,v,,.....V,} is (b;,). 


(1.e.,) М/Т) = (5,) 


M,(S-!TS) 


M,(S-)M,(T)M,(S) 
[M;(S)] 'M,(T)M,(S) 


P-!M,(T)P, where P=M (S). 
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Example : 


Е i | 

Let T-R2>R2 be the linear transformation defined by Т(х,у) = (2y. 3x-y). Find 

(i) the matrix M,(T) in the basis {(1,0), (0, 1)}; Gi) the matrix M,(T) in the basis 
((1,3),2,5)!; and (iii) a non-singular matrix P such that МТ) = P^ 1M ,(T)P. 


(i) Тее = (1, 0), е, = (0, 1) 


Then T(e,) = (0, 3) = Oe, +3e, 

and T(e,) = (2, -1) = 2e,-le, 
0 2 

oo M,(T) == 3 _1 

(ii) Letv,=(1,3), v, = (2, 5) 

Then T(v,) = (6,0)= —30v,+18v, 

and T(v,) = (10, 1).= -48v,*29v, 
-30 -48 

оо MA(T) т 18 29 


(iii) Define S:R*->R? by S(e;) = ү;. Then S is linear and 
S(e,) = (1, 3) = 1e,*3e, 
S(e) = (2, 5) = 26,836, 


8, Matrix of S іп ће basis (e,, e,} is 
12 
. Mq(S) = 4 5 — P say 


3 =} 


-5 210 21 2 
ме — rw = (25 hs 


мэ? 
5 Ын 


-5 2 
Clearly Р is non singular and Р-! = | | 


M,(T) 
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Definition : 


Let А and В be nxn matrix over F. Then B is said to be similar to A if there 
exists a non-singular nxn matrix P such that B=P~'AP. 


Theorem 6.3: 


Similarity of matrices is an equivalence relation on the set S of all nxn matrices. 


Proof : 
(1) The identity matrix I of order n is non-singular and I! = І. 
Since ГАІ = A, A is similar to A for all AeS. 


o» Similarity 15 a reflexive relation. 


(ii) Let A, B є S and let A be similar to B. Then there exists a non-singular matrix 
P such that A = P"' AP. 


‚ В = PAP! = (PAP! 

Since Р”! is non-singular, B is similar to A. 

oo Similarity is a symmetric relation. 
(ii) Let A, B, C e S and let A be similar to B and B similar to C. Then there exists 
non-singular matrices P and О such that A = P-! BP and B=Q"!CQ. 

& A-PUBP = Р-ЦО-СОРР = (QPY'!C(QP) 

Since Q, P are non-singular, ОР is also non-singular. - 

oo A 15 similar to C. 

oo Similarity is a transitive relation. 


Hence similarity of matrices is an equivalence relation. 


Remark : 


If A is similar to B, we can say that A and B are similar matrices. 


Theorem 6.4 : 


Similar matrices have the same characteristic equation. 
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Proof : 


Let A be an nxn matrix and P, a non-singular matrix of order n. Then A and 


P-! AP are similar. 


If P and A are пхп matrices and P is non-singular then A & P^! AP have the 
same characteristic roots. From this А and Р-!АР have the same characteristic 


equation. 
Note : 
Theorem 6.2 says that the matrices associated with the same linear 
transformation T: V—V with respect to different bases are similar. 
Definition : 


A matrix B of order n is said to be congruent to a matrix A of order n if there 


exists a non-singular matrix P such that B-P!AP. 
It is easy to prove that congruence of matrices is an equivalence relation. 


If A and B are congruent matrices, then В = PIAP, where Р is non-singular. 


Also, P! is non-singular. 
oo À and B have the same rank. 


(1.е.,) congruent matrices have the same rank. 


Definition : 


The trace of a square matrix A over F, written as tr A is the sum of the 
elements on the leading diagonal of A. 


If A — (a;;) is of type nxn, then 


} 2.22 
tr А = а +а,,+....+а 


Lemma 6.5 : 
Let A, B be nxn matrices over F. Let AcF. Then 
(1) tr (ЛА) = Atr A 
(10) tr(A+B)=trA+trB 
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(iii) tr (AB) = tr (BA) 
(iv) If Ais a similar to B, then tr A = tr B. 


Proof : 


Let A= (a;.), B= (bi) 


(1) іг (ЛА) = Ла +Аа,,+.....+Аа, 
= Lag eset ay) 
Мае а) 
= } tr (A) 
(11) tr(A*B) = (а,,+Ы,,)+(а,,+6,,)+.....+(а +6, ,) 


| 


(atat. Faan) O tbat SOR tb 


= ЧАЧИВ 
(11) АВ (Ci) where Ci; 25, ik? kj 
n n n 
& ^. (АВ) = AXCi- X Xaikbki 
i=l pelk- 
=- È 2 аб 
1-1 j=] mu 
ВА = (d,) where dy = 2 bikalj 
n n 
со, В = у, d; = у, b? b как 
{т (ВА) j=l J ік кек] 
= m mod 
j=li=1 i 
BOR. 5. 
= 1 1 = 
iE J"J! = tr (AB) 


(av) ТА 15 similar to B, then there exists a non-singular matrix P such that A = P-! BP. 
c* tr A = tr (P! BP) = tr (РР-!В) by (iii) 
tr (B) 


| 
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Definition : 


If Je A(V), then the trace of T, written as tr T, is the trace of M(T), where M(T) 


is the matrix of T in some basis of V. 


The above definition is meaningful, it depends only on T and not on any 
particular basis of V. For, if M,(T) and M,(T) are the matrices of T in two different 
basis of V, then by theorem 6.2 there exists a non-singular matrix P such that М.(1) - 
P^!M,(T)P. 


(i.e.,) M,(T) and M,(T) are similar matrices. But similar matrices have the same 


trace. Hence tr T does not depend upon any particular basis of V. 


For example, let T:R2—R? be the linear transformation defined by T(x,y) = (2y, 3x-y). 


0 2 
Then in the basis ((1,0), (0, 1)} matrix of T is ў i 


oo tr T — 0-1 = —1. 


—30 pj 


Also, in the basis ((1, 3), (2, 5)} matrix of T 1s | 18 29 


oo tr T = —30 4-29--1. 


Definition : 


Let V be an n dimensional vector space over a field F. Then TeA(V) is said to 
be similar to Se A(V) if these exists a non-singular linear transformation PeA(V) such 
that T-P-!SP. 


It is easy to check that the relation of similarity is an equivalence relation on 
A(V). The equivalence class of Te A(V) is called its similarity class. To find whether 
two linear transformations are similar we calculate a particular canonical form for each 
and see if these are the same. 
Exercises : 


i If A and B are similar matrices, show that their determinants are equal. 


2.. Let V be the vector space of all polynomials in x over F of degree<3. Let D be 
the differential operator d/dx. 
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Find (1) the matrix M,(D) in the basis (1, x, x?, х?) and (ii) the matrix M,(D) in 
the basis (1, 1x, 1+x?, 1+х3). Also find a non-singular matrix P such that 
M,(D) = P-!M,(D)P. 


| 1 1 
-1 
2: Let V=R?. Show that it is impossible to find a matrix P such that Р 5 Р = 


а 0 
0 b for any a, b e R. 


1 1 2 


4. Let V = R? and let |! 2 ! | be the matrix of ТєАСУ) in the basis {(1,0,0), 
0 1 3 


(0,1,0), (0,0,1)}. Find the matrix of T in the basis {(1,1,0), (1,2,0), (1,2,1)}. 
5. Prove that the relation of congruence in matrices is an equivalence relation. 
6. If A 1s non-singular, show that every matrix congruent to A 1s also non-singular. 


T: Let T:R?—>R? be the linear map defined Бу T(x,y,z) = (2y+z, x—4y, Зх). Find tr 
T. 


6.3. SOLUTION OF SYSTEMS OF LINEAR EQUATIONS 
USING MATRICES AND DETERMINANTS 


Matrix form of a set of linear equations : 
Consider a system of m linear equations in n unknowns X,,X5,....,X, given by 


aO Paa PESE a +a, X =р, 


**92836€4n49«972800€69*2029*€07*25254?485292t41358589?-929$252»^»235955*909275993939 


969? E v» »8^**1$649*9o^-*45»60€u5»0^**5285*515526u*8a4$6€6€«2a22€€4264929€42585 


а 1а m2X5* ЗЭЭ та, Хү TD 


Using the concept of matrix multiplication and equality of matrices this system 
can be written as AX = B where 


411 412 е ain 

421 822 ss AD 
A = : | : 

dm]  8m2 атп 


X = : |, B= 
Xn bm 


The mxn matrix А is called the co-efficient matrix. 


Definition : 


A set of values of x,, X,,......X, which satisfy the above system of equations 1s 
called a solution of the system. The system of equations is said to be consistent if it 


has atleast one solution. Otherwise the system is said to be inconsistent. 


The тх(п+1) matrix given by 


4311 -- ajn by 
a2] .. аһ 02 
Ami ws 2аш Om 


is called the augmented matrix of the system and is denoted by (A,B). Thus the 
augmented matrix (A, B) is obtained by annexing to A the column matrix B, which 
becomes the (n+1) column in (A, B). 


Note : Since every column in A appears in (A, B) the column space of the matrix A is 
a subspace of the column space of the matrix (A, B). 


Hence the rank of A < rank of (A, B). 


Theorem 6.6 : 
The system of linear equations АХ--В is consistent iff rank of A — rank of (A, B). 


Proof : 
Let the system be consistent. 
Let u,, u,,.....,u, be a solution of the system. 
Then B = u C tu, C,-......*u,C, where C,, C,,.....,C, denote the columns of A. 


Hence the column space of the augmented matrix (A, B) namely een sC B> 
is the same as the column space SC ue oin C > of A. 


Hence the rank of A = rank of (A, B). 
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Conversely let rank of A = rank of (A, B) 
Then the column rank of A — column rank of (A, B) 


оо dim<C,C,, Т? Сэ» = dim <C,,C,, do aids C 


Hence the theorem. 


Remark : 


The solution of a given of simultaneous equations is not altered by 
interchanging any two equations or by multiplying any equation by a non-zero constant 
or by adding a multiple of one equation to another. Hence we can reduce the given 
system of equations to an equivalent system by applying elementary row operations to 
the augmented matrix. This reduced form will enable us to test for the consistency and 
to find the solution if it exists. This is illustrated in the following problems. 


Solved Problems : 
Problem 1 : 
Show that the equations 


xtytz = 6 
х+2у+32 = 14 
Х+4у+72 = 30 


are consistent and solve them. 


Solution : 
The given system of equations can be put in the matrix form 
1 1 11х 6 | 


мит _ |14 
14 7|>| }зо| 


(2) 
< 


=B 


The augmented matrix is given by 


111 6 
(A,B) = |! 2 3 14 
1 4 30 


Ко > R2-Rj 
ue Ва > К-К 
a Dae o v 


СЭ 
үний 


1 1 1 6 

0 1 2 8|R3—7R3-3R2 
0 0 0 0 

Hence rank of A = Rank of (A, B) = 2. 

Hence the given system is consistent. 


Also the given system of equations reduces to 


1 1 ljx 6 
О 1 2|ly! _ |8 
|o 0 Ojlz 0 
xtytz = 6 
yt2z = 8 


Putting z = C, we obtain the general solution of the system as x = С-2, у-8-2С, 
z-C. 
Problem 2 : 


Verify whether the following system of equations is consistent. If it is 
consistent, find the solution. 


х-4у-37 = -160 

4x-y+6z = 16 
2x+7y+12z = 48 
5х--5у+32 = О 


Solution : 


The matrix form of the system is given by 


i 4 -3 -16 
4 -1 6 16 
2700 = | 48 
; -5 3 0 
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со The augmented matrix is given by 


] -4 -3 -16 
4 -1 6 16 
(A,B) = 12 7 12 48 
5 -5 3 0 
1 -4 -3 -16 
R5 R5 -4Rj 
0 15 18 80 
Кз э R3-2Rj 
~ 10 15 18 80 
R4 R4 —5Rj 
О 15 18 80 
1 -4 -3 -16 
О 15 18 80 Е > ЕК3 - К 
~ 10 O 0 О [Кд > ЕК4 – R5 
0 0 0 0 


oo Rank of A = Rank of (A, B) = 2 and hence the system is consistent. Also the 
system of equations reduces to 


1 4 3 -16 
0 15 18 ^ 80 
0 0-0171-10 
2 
0 0 0 0 
oo х-4у-3 7; = лш] 6 and 


15у+1872 = 80 


Putting z-C we obtain the general solution of the systems as 


exe 


p 
| 


< 

| 

| 
fo 
8 
Зиг” 

+ 
TTN 
— 
vla 
b E d 
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Problem 3 : 
Show that the equations 


| 
чө 


х+2у—7 


3x—yt2z 
2x—2y+3z = 2 
Х-ут2 = —l 


are consistent and solve the same. 


Solution : 


The matrix form of the system 15 given by 


1 2 =l 
X 

а 2) 

2 2 317| = 12 
Z 

i -1 i| =j 


Here the coefficient matrix 


1 2 -1 
3 —1 2 
A = 2 -2 3 
1--1 
1 2 -1 
0 7 Rə > R2 —3R4 
б 6 Кз > R5-2R4 
Вл > RA-R 
0 -3 4 4 1 


1 2 -1 
О —7 -3 = 35-30 +0 
0 -6 5 


Hence the rank of A 1s 3. 


The augmented matrix. 
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СА, B) 


M М G9 кы 
| 
МӘ 
СЭ 


| 
[тты | 


2 -1 3 
= 2 l 

A 
-1 1 -l 


1 2 -1 3 
0-7 5 48 Кә э Ко —3Rj 

~ lo 6 5 4 Кз > R3-2R, 
0 -3 Е Кд — Ед - Кү 
1 2 -1 3 
0 -7 5 -8 

_ 0 1 eem 
0 -3 2 -4 
i 2 -1 3 
0 -7 5 -8 

ч N | 0 1 mee 

0 0 -1 -4 
1 2 -1 3 
0 -7 5 -8 

~ lo o Кд > Кд + Кз 
0 0 0 0 


In this form, the fourth order determinant is zero. 


The third order determinant 


12 4 
Gag pom 
0 0 0 


Hence the rank of [A, B] 15 3. 
The two matrices have the same rank. So the equations are consistent. 


From the final form of the augmented matrix, the given system is equivalent to 
the equations 
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X*2y-z - 3 3 |  — зөвөө (1) 


-—7yt5z = Bee (2) 
70-04 0  z--- (3) 
putting (3) in (2), 
—7y = -8-20--28 

oo y= 4 
From (1), x = 3-8+4 = -1 
oo X = —I 
oo x = —ly-4&z-A4 


Problem 4: 
Examine for consistency the following equations. 
2х+бу+11 = 0 
6x+20y—6z+3 = 0 
6y—18z+1 = 0 


The equation can be written as 


2x+6y+0z = —11 
6x+20y—6z = -3 
Ох--бу-187 = -1 


Here the coefficient matrix 


2 6 О 
А 219 20 -6 
О 6 -18 
2 6 0 
~ [02 6 |R2R»5-3R; 
0 6 -18 


In this form, the third order determinant 


2 —6 
2 
6 —18 








= 2(-36436) = 0 
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The second order minor : j —420 
Hence A is of rank 2. 
The augmented matrix 
2 6 0 -11 
ГА, B] = 6 20 -6 -3 
0 6 -18 -I 


26 0 -li 
02 -6 30 |R>—>R>-3R; 


0 6 -18 -1 
26 0 ~il 

. 10 2 -6 30 |R5-3R3 
00 0 -91 


In this form, the third order minor 


6 0 -il 

2 -6 30| _ = И 

0 0 -91 = 
= 91x 36+#0 


Hence R[A, B] 2 3 

But [A, B] has 3 rows and 4 columns. 
со R[A, B] < 3 

oo R[A, B] 3 


(1.e.,) the coefficient matrix and the augmented matrix are not of the same rank. 


Hence the given system of equation is inconsistent. 


Problem 5: 


For what values of n the equations 


xtytz = ] 
xt2ytdz = m 
x+4y+10z = 1? are consistent? 
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Solution : 


The matrix form of the system is given by 


1 


"n 


n? 


| 


oo The augmented matrix is given Бу 


1 1 1| 1 

211 2 4 m 

(A, B) | 

1 4 10 m 
1 1 1 
a R5 —R5-Rj 

~ Кз > R3-R 
1 1 1 1 

_ quU 1 3 7—1 Ез 5 Ез ЗЕ» 

ч ооо 2 31+ 2 


oo The given system is consistent iff 12—312 = 0 


oo n = 2 (or) Е: 


Problem 6: 


Show that the system of equations 


х--2у-27 = 11 
4х--бу--57 = 8 
2х-2у-327 = 19 is inconsistent. 


Solution : 


The matrix form of the system is given by 


1 j| x 11 
St yj _ 8 
311 Zz 


1 
4 
2 19 


Y OAN 
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со The augmented matrix is given by 


12 1 11 
(А,В) = 465 8 

2 2 3 19 
Шал о 48 

к ads - 
0-21 -3|/ 7 ^3 ^M 
12 1 H 

2010 -2 1 -36|R4 К-К 
00 0 33 


oo Rank of A = 2 and Rank of (A, B) = 3. 
oo The given system is inconsistent. 
Problem 7: 


Investigate for what values of a, b the simultaneous equations x+yt+2z = 2, 
2X—yt3z = 2, 5x—-ytaz = b have (i) no solution (ii) a unique solution and (iii) an 
infinite number of solutions. 


Solution : 


Here the coefficient matrix 


1 T 2 
A Ж =] 3 
5 -l a 
IA] = 1(—a+3)—1(2a—15)+2(—2+5) 


| 


—а+3—2а+]5-+6 


—За+24 = 3 (8-а) 


| 


If a # 8, |А | + 0. Hence A is of rank 3 and the augmented matrix 


1 1 2 2 
5 -l a b 


will also be of rank 3 as the leading third order determinant + 0. Hence if a + 8 and 
whatever be the value of b, the matrices A and [A, B] will have the same rank. 5o the 


given equations will be consistent. 
Also in the case, the common rank = 3 = the number of unknowns. 


So the system will have a unique solution. 








If a = 8, |A| = 0. 
Leading minor of order 2 is 2 q7 -1-2 #0 
Hence A is of rank 2. 
1 i 2 2 
[A,B] = |2 i 3 
5 -1 8 6 
5 4 С Rə Ro -2R 
TES ee ET E i d е 
= R3 > R3 - 5R] 


0 -6 -2 b-10 


1 it 2 2 
0 -3 -i -2 iR3—>R3-2R2 
0 0 0 b-6 


If b = 6, in the above final form, the last row will contain zeros. 


Hence all the four third order determinants will be zero. 


The leading minor of order 2 18 ——320 


0 —3 








Hence R[A, B] = 2 


The two matrices A and [A, B] have the same rank and the equations will be 
consistent. 


In this case, common rank = 2 and this 1s < 3, the number of.unknowns. So the 
system will have an infinite number of solutions. 


If b # 6, the third order determinant in the final form of [A, В]. 
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L 2 2 
-31-1 -2 
0 0 b-6 


Hence [A,B] will be of rank 3 while А is of rank 2. As the ranks are different, 


the equations will be inconsistent. 


(1) 


(11) 


(iii) 


Summing up, 


If a + 8 and b has any value, the equations will be consistent and have a unique 


solution. 


If a = 8 and b = 6, the equation will be consistent and have infinitely many 


solutions. 


= (b—6)(—1+6) = 5(b—6) and this is = 0. 


If a= 8 and b = 6, the equation will be inconsistent. 


Exercises : 


Ї: 


Solve or prove the inconsistency of the following systems of equation’ 


(1) X+2y+z 
2х+3у+22 
3х-5у--57 

3х--9у-д2 


(111) 3x+ytZ 
X—yt2z 

X+ytz 

2x—2y+3z 


(v) x+y+z 
3x+y+z 

—х+у-—27. 
—2х+2у—37 


(Уп) x+2y—5z 
3x—y+2z 
2x+3y-z 
4x—Sytz 


J NY NH WwW 


-1 Оч Nn CO 


(11) X+2y-z = 


2Х-3у- 72 
—xtyt3z 
Sztyt3z 


(1v) х+2у+22 
3x—2y-z 
2x—5y43z 
x+4y+6z 


(v1) x42y-z 
3x—yt+2z 
2х—2у+32 

х-У+2, 


(vii) xtyctz 
х+2у+37 
x+3y+5z 
x+4y+7z 
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10 


i 


(ix) x—2y—z—t 
3x—2z+3t 


Sx—4y+t 


| 


xtytz 
х+2у+327 


xt2yt)z 


-1 (x) xtytz 7 
—4 х+2у+32 = 8 
s у+22 = 6 


For what values of X and и the system of equations 


= 6 
= 10 


u 


is (a) inconsistent (b) consistent (c) consistent and the solution in unique. 


3. Investigate for what values of A, и the equations 
х+у+2 = б 
х+2у+32 = 10 
х+2у+А2 = wu 


have (i) no solution (ii) a unique solution (iii) infinite number of solutions. 


4. Discuss the solution of the equations 
ах-2у+д = 1 
x-2aytz = -2 
x-2ytaz = 1 


determining when the system has no solution, one solution and infinity of solutions. 


Answers 

E (1) consistent; x =—-l, y=1,z=2 
(11) consistent; х = —1, y=2,z=1 
Gu) consistent; x = 1, у= 2, 2 = 3 
(v) consistent; х = 2, у = 1, 2 = –1 
(v) consistent; х =1,y=2,z=3 
(vi) consistent; x -l,y-4,z-—4 
(vi) consistent; x = 1/2, y = 3/2, z = 5/2 
(vii) consistent; x = C-2, y = 3-2C, z= C 
(ix) | inconsistent 
(X) inconsistent. 
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If A = 3 and и = 10, inconsistent 

If À = 3 and p = 10, consistant 

If à = 3, consistent and the solution 15 unique 

(1) If A = 3 and и = 10, equations will be inconsistent and hence no solution. 


(1) If A + 3 and и takes any value, equations will be consistent and have a 


unique solution. 


(11) If A z 3 and и = 10, equations will be consistent and have an infinite 
number of solutions. 


(1) No solution if a — 1 
(11) Опе solution 1f a does not take the values 1 and —2. 


Gn) Infinitely of solutions if a = —2. 


NUMBER SYSTEM UNIT - 7 


THEORY OF NUMBERS 


71. PRIME AND COMPOSITE NUMBERS : 


Prime number is an integer greater than one which has no divisors except itself 
and unity. Thus, 2, 3, 5, 7, 11, 13, 17, 19,...... are prime numbers. | 

Composite numbers which can be expressed as the product of two smaller 
integers. (i.e.,) A natural number vhich is neither a unit nor a prime is called a 
composite number. 


Examples of composite numbers are 4, 12, 18, 15,..... 


Two numbers which have no common divisor other than one are said tobe prime 
to one another. Thus 12 and 17, 32 and 63, 28 and 45 are prime to one another. 


7.2. THE SIEVE OF ERATOSTHENES : 


Prime numbers were a subject of great interest from early days. Eratosthenes 
who lived about 200 B.C. deviced a simple method to find the primes below a given 
number. 

The method consists inwriting down all the integers up to the given number in 
their natural succession and then striking out all the multiples of 2, then the multiplesof 
3, then those of 5 and so on. 

If we want to determine the primes less than 500, it is not necessary to go 
beyond multiples of 23. This scheme wtih a little modification is used even today for 
the construction of tables of prime numbers. 


The Sieve of Eratosthenes for prime less than 100 is given below. 


Po An CS] o Их ж 
DY) 27 [3] 24 „м 6 D7] 2« [9] 290 
At 27 [23] 24 2 26 27 26 [29] 2€ 
ВЦ 27 25 A 2v ж BI 2 WW 
[u] AT [33] aA s e [7] € m use 
A AT D3]bpow 55 2 27 « [59] яв 
[61] 27 et 7 ах 6 [o7] ж o o 
[n] 27 3125 25 2€ 27 2 [09] а 
At 3 [53]. oc АХ АТ жє [29] oof 
ЭГ SS A BS K [7] э 99 шб 
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. The prime numbers below 100 are 1, 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 
41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89 and 97. 


7.1. Theorem: 


The number of primes is infinite. 


Proof : . 


Let the number of prime be finite, say п, and let those primes be p,. р,, P3;----P,- 
Then all the other numbers are composite and therefore should be exactly divisible by 


atleast one of the prime numbers p,,P,,P3,------P,- Let us consider the number 


A = р,.р,.р,.....р,+! 


When this number is divided by p, or by p», or by p,....... or by p, the reminder 
is 1. Hence the number A is not exactly divisible by any of the prime numbers 
Popsscps 


(1.е.,) A is a prime number which is contrary to our assumption. 
Hence our assumption that the number of primes, is finite, is wrong. 
Hence the number of primes 15 infinite. 


"7.2.(а) The previous article gives us a method of constructing an infinite sequence of 
primes. We know that 2 and 3 are primes. 


Hence 2х3 +1 (i.e.)7 is a prime 
2x3x5 + 1 (1.е.) 31 is a prime 
2x3x5x7 + 1 (1.6.) 211 is a prime 


By this method it is not possible to find all the primes. So attempts have been 
made to find some simple arithmetical formulae that give only primes even though they 
may not give all of them. 


The following are some formulae which give prime numbers for certain value of n : 


1) n?+n+41 is a prime number if n < 40. 
2) п2+п+17 is a prime number if n < 16. 
3) 2n?429 is a prime number if n < 29. 
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4) n*—79n+1601 is a prime number if n < 80. 


5) 22"+1 is a prime number if n < 5. 


7.2. Prime Number theorem : 


The number of prime numbers less than or equal to a number N 1s usualy 
denoted by x(N). Thus z(1) = 1; n(2) = 2; n(3) = 3; n(4) = 3; n(5) = 4; n(6) = 4...... 


The distribution of prime numbers is very irregular and no exact formula has 


TUN 
been discovered for х(М), but it has been shown that lim ОМ). == 
| Noo N/log N 


This result is known as ‘Prime Number theorem’. 


7.2.(b) Every composite number can be resolved into prime factors and this can be 


done only in one way. 


Let N be the composite number. Since the numbr is composite, it has a factor 
other than N and 1. Let it be a and the quotient when N is divided by a be b. 


Then N = ab. 


If a and b are not primes, we can find the divisors of a and b and express a and 


b in the form a = cd and b = ef. 
oo N = cdef. 
Here aand b are less than N. 
c and d are less than a 
e and f are less than b. 
до с, d, e апа f are less than М. 


Proceeding in this way we must come finally to factors which are prime 


numbers since the factors diminish at every stage. 


Hence N can be expressed in the form N = pqr.... where р,а,г...... are all prime 


numbers, not necessarily different. 


съ N can be expressed as N = р? q? r*..... where p, q, г.... are all primes and a, b, 


C..... integers. 
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Let N be resolved into prime factors in another way and let that be Р^ОВК©.... 


where P, Q, R..... are all primes and A, B, C,..... integers. 


& N = p? аб тг ...... = PA QB R©...... 


Since the prime P is a divisor of the product p? q? r*...... it is a divisor of one of 


the factors р, q, r........ 


Since р, q, r....... are all primes p must be equal to one of them. 
Similarly each one of P, Q, R,..... is equal to one of p, q, nass 
du p* oq VE ius = pô gB г°..... 

If A ха, then let A be equal to atk. 

Since A and a are integers k is also an integer. 

c p? q? г“...... ERE гах 

oo Qr ES ses = p*q'^r-.... 


p is a factor of the expression in the right side of the equation. 


& p is a factor of the expression in the left side but this 15 impossible since the 


expression in the left side is prime to p. 


743: 


oo k = 0. Hence A = a. 
Similarly B = b, C = с,...... 


Hence the factorisation of a composite number into product of primes is unique. 


DIVISORS OF A GIVEN NUMBER №: 


N can be expressed as the product of primes and let N be p* q? r*...., where p, q, 


т... are primes. 


Let n be the number of divisors. 
The divisors of N are the terms in the expansion of 
(1+р+р?+.....+р®)(1+а+д?+.....+ч®)(1+г+г°+....+т°).... 


Hence the number of terms in the product will be the number of divisors and we 


can easily see that the number of divisors 1s (at+1)(b+1)(c+1).... The divisors include 1 
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and the number N itself. The sum of al the divisors is the sum of all the terms 10 the 
continued product. 


+] 
p - 





Example 1 : 


Find the number and sum of all the divisors of 360. 


Solution : 


360 = 23.32.5! 


The number of divisors (3+1)(2+1)(1+1) = 24 


4 4243.12. 
Sum of the divisors = 2-13-1 222 


2-1 3-1 5-1 
_ 15 26 24 
= ер 


= 1170 


Example 2: 


Find the smallest number with 18 divisors. 


Solution : 


Let the number be N which is equal to рд q? r° .... where p, q, r are primes and a, 
D Cou are integers. 


Since we have to find the smallest numbers p, q, r..... must be as small as 
possible and a, b, c should be in the decending order of magnitude. 


< N = 22 3° 5°.... 

Number of divisors = (а+1) (b+1) (c+1)..... 
oo 18 = (а+1) (0-1) (с+1)..... 

but 18 = 2x3x3 © 

o> We can take с+1 = 2, b+1 = 3, а+1 = 3 
(1.е.,) с= 1, 6 = 2, а = 2 

c» N = 22 32 5! = 180 
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Example 3 : 


Find the product of all the divisors of N. 


Solution : 


Let N be expressed in the form рд q? r° 


The number of divisors is (a+1)(b+1)(c+1) 


ee ane 


| ЭР N, - 
If x 1s a divisor of N, then - is also a divisor of N. 


_oo All the divisors of N can be grouped into pairs whose product is N. 
1 | 
oo (a+1)(b+1)(c+1)..... divisors can be grouped into jut 1)(b+1)(c+1)..... pairs, 
the product of each pair being N. 


1 
—(a+1}(b+1 Ij. 
«o Product of the divisors = um Хье1 сн) 


Exercises : 
1, Find the number of divisors of 480 excluding 1 and 480. 


2. Find the number of divisors of (1) 840 (ii) 1458 (11) 288, excluding the number 
itself. 


3. Verify that (1) 220 and 284, (11) 17296 and 18416 are ‘amicable numbers' (i.e.,) 
that each 1s the sum of the divisors of the other (including 1 but excluding the 
number itself). | 


4. Show that the number of divisors of an integer is odd if and only if this integer - 
is a square. 

9. If N has n divisors including itself and 1, prove that their continued product is 
ума. 

6. Find the smallest number (1) with 24 divisors, (ii) with 10 divisors. 

7. Show that if 2"-1 is a prime, then 2™!(2"—1) is a perfect number and find the 


three least numbers given by the formula. 
(N is a perfect number if the sum of all its divisors excluding N is N). 


8. Prove that the sum of reciprocals of the divisors of the perfect number 
25-1(27-1) is 2. 
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NUMBER SYSTEM UNIT - 8 


8.1. EULER'S FUNCTION 4Q(N) 


The number of positive integers lessthan N and prime to it is denoted by $(N). 
From the definition we get ф(2) = 1, 9(3) = 2, ф(4) = 2, ф(5) = 4, ф(6) = 2. Even though 
ф(1) has no meaning as per this definition, we define it equal to 1. 


Value of O(N) : 


We have shown that N can be expressed as N = p? q? r°... where р, 4, г... are all 
primes and a, b, c,.... integers. An integer will be prime to N iff it is not divisible by 
any of the primes p, q, r..... Therefore ф(№) is the number of itnegers in the series 
1,2,3....N which are not divisible by any of these primes. If we can find the numbers 
which are divisible by these primes in the series 1,2,...... N, we can get 0(1ЧХ) Бу 
subtracting the numbers of such numbers from N. Numbers which are divisible by p in 
the Series 1,2,....N аге р, 2p, Эр,...... N/p and therefore there are N/p numbers which are 
divisible by p. 


N 
So also there are a numbers which are divisible by q. 
ЭР” N | -— 
Similarly there are = numbers which are divisible by r. 
2 : 
39 pq 25 y pq 
~ 
29 qr ээ by qr. 
кыз 
99 par 93 by pqr 
and so on. 
N N N | 
Consider the series = >——2——+2—.... nee nee (1) 
p РЧ pqr 


Consider any integer not greater than N. 


Suppose that it is divisible by exactly k of the primes р, q, r........ 
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| М 
This number occurs КС, times in ыг 


| М 
» kC, times іп £— 
Pq 


; | М 
А kC, times in 2—— 
pqr 


and so on. 


Therefore the number of times it is counted in the expression (1) is 
kC,-kC,+kC,.... which is equal to 1-(1—1)* (i.e.,) 1. 


Every integer (excluding unity) not greater than N and not prime to it is counted 
exactly once in (1). In evaluating ф(ЇЧ) we count 1 also. 


oo N = М-Х-4Х--Х--4 сга 
O(N) p pq раг 

= Ni-s4+5 ty. КР | 
pq pqr 


ll 


4-11-2-1)--- 


If N = ab where a and b are prime to one another, then 6(N) = ф(а).ф(Ъ). 


Corollarly 1 : 


Let a = p,*1.p,%2.......p,2k and b = q,°1.q,°2....q."t where р,, р,,.....р,, 9,,9,,::::9. 
are primes. | 


Since a and b are prime to one another p,,p,,...-P,, q,.,0,;.....q, are different. 


(x) 
ees 


= = 1 д» 22:23 : | 

1 1 1 1 

А 2 Nl1-— |... pec e qa 
°° O(N) | +) | JI 2) | >) 
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li 


ф(а) 


“Р 

иь, 

g` 

мэ 
ll 


senes e 


$(a).0(b) 


Corollary 2 : 
If а, b, с, д,...... К are prime to one another, ф(аБсаӣ........ k) = ф(а).ф(Б)......... ó(k). 


Corollarly 3 : 
ae r[, 1 
If p is prime, then $(p)) = P 1-1 


Example 1 : 


Find the number of integers less than n and prime to it when n = 729 and 720. 


We have 729 = 36 
do 0(729) = 72911-5.) = 486 
720 = 24.325 
1 1 4 
5, = 20 p-— та 
We | 2| Jl 5, 


Example 2: 
Prove that the sum of the integers less than N and prime to it including unity is 


= No(N). 


Let x be one of the integers less than N and prime to it. Then N-x is also prime 





to it. 
oo All the numbers less than N, prime to it can be grouped into pairs whose sum 
is N. 
1 | 22 O(N). "T 
oo O(N) сап be grouped into 2 pairs the sum of each pair being М. 
No(N 
oo Sum of the numbers = NAN) 
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Example 3 : 


If d,, d,, d,,...... d. (including 1 and N) are the divisors of N, then show that 
ф(9,)+ф(4,)+......+ф( ) = № 


== үү а а : ‚ 
Let N = p,*1p,?2......p,?n where P pp»... p, are primes and a,,a,,a,....are integers. 


Every divisors 18 of the form P^. P5", p4^,.... where x, y, z,.... take integral values 


from 0 to a,, 0 to a,, 0 to a,,.... respectively. We know that, 


1+ф(р)+ф(р,®)+......+ф(р®1) 


Ф(р;*.р,.р,? ... ) = d(p,*)O(p,”)0(p,”) ӨӨ 


x [1+0(p,)+O(p,7)+......+(p,4n)] M S ZZ ZZ (1) 
5, $(d,)+0(d,)+......+6(d) 


— Continued product of the expression -------- (1) 


E -р 8 -E р ( i| 


ltp,-ltp,^-p,*pj?-p,?*....*p,*i-p,*1! 
p, 


Similarly, 


. 1+ф(р,)+ф(р,2)+......+ф(р,а?) = р„*2 and so on. 


oo o(d,)+o(d,)+ РУ +o(d_) D, p, ган pn —N 


Exercises : 


1. 
2. 


How many numbers including unity are less than 210 and prime to it? 


Find the sum of the positive integers including unity which are less than 600 
and prime to it. 


How many numbers are there less than 500 which are not divisible by 2, 3 or 5? 
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4. If a is prime to N, show that the number of terms of the arithmetical progression 


х, xta, x+2a,....., x-(n-1)a which are prime to N is O(N). 


5. Show that if N be any number and a, b, c......be its different prime factors, then 


the sum of all the numbers less than N and prime to N 15 


Se 
and the sum of the squares of all such numbers 15 
Х(1-2(-4(1-1)-4 - 30-90-92 iue 
з\ ah bÅ c 6 
6. Show that the arithmetic mean of all numbers less than N and prime to it 


(including unity) is N/2. 


8.2. INTEGRAL PART OF A REAL NUMBER : 
The integral part of a number x is denoted by the symbol [x]. 


For example, : 
BE = 4; [6] = 6, Н = 0, [v2] = 1, |-v2 | яа: 


The "fractional part" 18 considered to be positive. From the definition, the 
following properties are easily deduced. | 


(1) [x] < x < [x]*1 
(2) [x*a] = [x] + a if a is an integer 
(3) [x+y] 2 [x] + Ly] 
8.3. THE HIGHEST POWER OF A PRIME p CONTAINED IN М!: 
n! = 1.2.3......n 
If n<p, there is no number in n! which is divisible by p. 


If n2p, then n! contains numbers which are divisible by p. 


Hence the highest power of p in n! is the highest power of p in the product. 
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n 
(i.e.,) in i E34. ы H 
p | 


x 

~ a n » 2 в n 

But in TH the prime p is a factor in the numbers p, 2p, 3p...... EH 
p 


Г 
n 
oo Power of p in the product 1.2.3........ H is the power of p 1n the product 


n 
p.2p.3p.... - P. 


n 


(i.e.,) | d 22 В 


р 
Hence the highest power of p in n! is the highest power of p in the product 


HE 
2 
(1.е.,) in P PJLP 11253..... А 


In the same way we find the highest power of p in n! 1s the highest power of p 


Bi SI las. [s 


p 


in the product P 


(1.е.,) in the product Р 


njin j| n 
2515) from a decreasing sequence and hence there exists a positive 
p 


| п 
integer К where pk = 
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Hence if we continue this process we will get the highest power of 


ЧИН еа 


Example 1 : 





Find the highest power of 3 dividing 1000! 


1000 
| 2000 = 333 


Юн 
=- 2: 
oe] - [2]-. 
1-1 


The highest power of З in 1000! is 333+111+37+12+4+1 = 498 
Thus 33228 is the highest power of 3 dividing 1000! 


= 12 


Example 2 : 
With how many zeros does 79! end? 


Let us find the highest power of 2 and 5 in 79! 
[2°]. зе Ola BLA 
2 > 22 э 23 > 
me Bk Bh 
2 2 2 
! ! 7 
Thus 275 is the highest power of 2 in 79!, E =15, E = 3. 
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Thus 518 18 the highest power of 5 in 79! 
со The highest power of 10 in 79! 1s 18. 
oo 79! will end in 18 zeros. 
8.4. THE PRODUCT OF r CONSECUTIVE INTEGERS IS DIVISIBLE 
BY r! : 
Let n1, п+2,...... лт be the consecutive integers. 


(п+1)(п+2).....(п+т) 


Product of these integers 








Е (n4 1r)! 
Ё n! 
n+r)! | 
We have to prove that = : 18 divisible Бу 1! 
n 
| n+r)!. | 
(1.е.) ( xn ) IS an integer. 


(1.e.) We have to show that the highest power of a prime p occuring in (n+r)! is 
greater than the highest power of p in n!r!. The highest power of any prime p occurring 
in (n+r)!, n!, r! are respectively. 


[ere И 








co Highest power of p occuring in n!r! is 


EHI iB Tel 


We know that [x+y] > [x]+[y] 


| x+y 
(1.e.) | pk | 





V 
гэг 
vx 
LIIÍLLnDOIÉBA 
Ч 
Го. 
ЭР 
LIL———J 





wee — [jt [i 





вэ 

| ace eS | 
IV 
г 
vje 
——Á 
+ 

ars | 
ЫГ 
| rep. 


*"o992909 | |) ос. зөөөэөө.б. 


частэл..... i | Á €*9»*9*9*9*9*9*€*989 


JEE- 


(1.е.) the prime p enters in the numerator (1151)! in powers not lower than in the 
denominators n! r!. 








о 
о 
[SJ 
23 
З|+ 
~} 
| ИЕК | 
Fa 
түт 
HL. 
м! t 
= 
| SOSO | 
+ 
V 


oo The numerator is divisible by the denominator. 


eo (nt 1)(n*2)....... (п+т) is divisible by т!. 


Corollary 1 : 


п! 


— —— is an integer when atb+ct..... = n. 
alb!c!... 


Corollary 2 : 


If n 15 a prime, n. is divisible by n. 

n(n—-1)(n-2)...(n-r-- & 
LITE 

The numerator is a product of r consecutive integers. 

oo It is divisible by r! | 

n is prime to r. 

oo It is prime to r! 

oo (n-1)(n-2).... (n—r*1) is divisible Бут! 

n(n-1)....(n- r1) 


ч 
con = n X an integer since n, = 
Е; “r r! 


oo n. 1s divisible by n. 
T 
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Example : | 
Show that n(n+1)(2n+1) is divisible by 6. 
п(п+1)(2п+1) n(ntl1)(2n*4—3) 
2n(n+1)(n+2)—3n(n+1) 


i 


ii 


n(n+1) is divisible by 2. 
п(п+1)(п+2) is divisible by 3! (1.e.) 6. 
Hence the expression 1s divisible by 6. 
Note : | 
п(п+1)(2п+1) 18 a multiple of 6. 
This is usually written as п(п+1)(2п+1) = M(6). 


Exercises : 


Es e Же 2 Бї: e 


Find the highest powers of 2, 5, 7, 11, 13 contained in 1000! 
With how many zeros does (i) 61! (11) 257! and (iii) 82! end? | | : 
If n is апу odd number, show that п(12-1) is divisible by 24. 
Show that n(n^—1)(29n?-4) = M(120) 
Show that n°—n = M(30) 
Show that n(n—1)(n+25)(n+50) = M(24) 
. T. Show that the greatest power of n in (n'—1)! is n -ш+г-1 


n-i 
8. Show that if n is odd (i) (п?+3)(п?+7) = M(32) (ii) nf+4n?+11 = M(16) 
9. Show that if n is a positive integer (n+1)(n+2).....(ntn) is divisible by 22. 
10.  Ifn be an odd prime, show that (a+1)"—(a"+1) = M(2n) 


N. If n = 244+2°+2°+.... m terms where a<b<c<.... show that the greatest power of 
- ^ that must divide n! is (n-m). 


12. Show that if n be prime greater than 3. n(n^-1)(n?-4)(n?-9) = M(27.32.5.7) 
Answers : - 


. 1. 994; 249; 164; 98; 81 
2. (1) 14; (1) 63; (iii) 19. 
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NUMBER SYSTEM UNIT - 9 


9.1. CONGRUENCES 


Two integers a and b are called congruent with respect to the modulus m if an 


integer k exists such that a—b = km. 


k may be positive, zero or negative. The congruence is denoted by a « b (mod m) 
(or) by a—b 50 (mod m). 


For example, [8 = 4(mod 7) 
13 = 28 (mod 5) 
14-4 = 0 (mod 5) 


If two numbers are congruent with respect to the modulus m, each is called a 


residue of the other to the modulus m. 


Every residue of a to the modulus is of the form a+km where k may be positive 


or negative. 


Congruences with the same moduli possess many properties of equialities. Some 
of them are given below. 


1. If a = b(mod m) and a, = b, (mod m) and if q, г аге integers, then 


qatra, — qb+rb (mod m) 
a = b(mod m) oo a-b = km 
a, = b, (mod m) со a,-b,-k,m 


qatra, = q(b+km)tr(b,+k,m) 


qb+rb,+m(qk+rk, ) 


qb+rb,+M(m) . 


со qatra, qb+rb, (mod m) 


Corollary : 
If а =b (mod m); a, = b, (mod m) 
ata, = btb, (mod m) 


a-a, = b-b, (mod m) 
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In general if a « b (mod m) 
a, = b, (mod m), a, =b, (mod m) 


then ata,ta,+.... = btb,+b,t..... (mod m) 


2. If a = b (mod т); a, = b, (mod m), then aa, = bb, (mod m) 


a = b (mod т) 


oo | а = b+km 
a, = b, (mod m) 
со а, = b,+k,m 


aa, = (b+km)(b,+k,m) 
= bb ,+m(kb,+k,b+kk,m) 


oo аа, = bb, (mod m) 
Corollary 1 : 

If a = b (mod m), a, = b, (mod m), а, = b, (mod m) then aa,a,... = bb,b,...(mod с) 
Corollary 2: 


d а = b (mod m), then ав: = b? (mod m) 


Corollary 3 : 
If a = b (mod m), then f(a) = f(b) pe m), if f(x) is a pu in x. 
3: These result show that congruences may be —— as regards addition, 


subtraction and multiplication with integral numbers, just like equations. As regards 
division a modification is necessary. | 


m 
If ax = bx (mod m) and if h is H.C.F. of x, m then a = b mod (=| 


x = ph, m = gh where p, q are co-prime. 
ax = bx (mod m) 
c» ax—bx = km 


(i.e.,) aph-bph = kgh 
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(i.e.) ab = k. 


с фе 


а is prime to p. 


oo 3-0 has q as a factor. | 
m 


— 9 
oo a = b mod h 


Corollary : 
Ifh = 1, а= b (mod т) 
Thus the rule of concellation holds for congruences on the condition that the 
cancelled factor is relatively prime to the modulus. 
4. If a = b (mod m), a = b (mod my), a = b (mod m,)..... a = b(mod m,), then 
a = b(mod m), where m is the least multiple of m,, m,,......M,. 


a = b (mod m,) 


со a-b — amultiple of m, 
lip a-b — amultiple of m, 
a-b — amultiple of m, 
a-b = amultiple of m, 


To satisfy these equations а-Ь = a multiple of m where m is the least common 


multiple of m,, m,,....m,. 


oo a= b(mod m). 
9.2. CRITERIA OF DIVISIBILITY OF NUMBER : 


We can derive the criteria of divisibility of a number by 3, 9, 11 from the 
properties of congruences. 


Let N be the number and let the digits in the units, tens, hundreds....place be 
a,b,c,d,..... 
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Then N = a+10b+100c+1000d+...... 
1) 10 = 1 (mod 3) 
100 = 1 (mod 3) 


м 
© 
© 
o 
iii 


1 (mod 3) 
oo N = atbtctdt...... (mod 3) 


& N is divisible by 3 iff the sum of its digits is divisible by 3. 


2) | 10 = 1 (mod 9) 
100 = 1 (mod 9) 
1000 = 1 (mod 9) 

оо N = а+ь+с+ӣ.... (mod 9) 


Hence the number N is divisible by 9 iff the sum of its digit is divisible by 9. 


3) We have 10 = -1 (mod 11) 
100 = 1 (mod 11) 
1000 = -1 (mod 11) 
LE N = a-btc-d4..... (mod 11) 


Hence N is divisible by 11 iff the alternate sum a—b+c-—d+.... of the digits 15 
divisible by 11 or if a-b+c—d+.... = 0 (1.6.,) а+с+..... = b+d+.... (i.e.) the sum of the odd 
digits is equal to sum of the even digits. 


Corollary : 


Since congruent numbers leave the same remainder when divided by the 
modulus, the preceding congruences can be used in finding remainders in divisions by 
359. 11.. 
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Example I 
Find a number having the remainders 5, 4, 3, 2 when divided by 6, 5, 4, 3 
respectively. 
Solution : 
Let N be that number. 
N = 5 (mod 6) (1.е.,) N = -1 (mod 6) 
N = 4 (mod 5) (1.e.,) N = -1 (mod 5) 
N = 3 (mod 4) (1.e.) N = -1 (mod 4) 
N = 2 (mod 3) (1.е.) N 5-1 (mod 3) 
oo N = —1 (mod L.C.M. of (6, 5, 4, 3)) 
= —] (mod 60) 
со The least value of N is 59. 


N can take any value —1+60 k where К is a positive integer. 


Example 2 : 


Find the remainder when 9!? is divided by 11. 


Solution : 


We have 02 


= 0 4(шо411) — .—  — --- (1) 
o% 98 = 256 (mod 11) 
Also 256 = 3 (mod 11) 
d 9 = 3? (mod 11) -------(2) 
From (1) & (2) 910 = 4.3 (mod 11) 
|. . 99 = | (mod 11) 


Hence the remainder is 1. 


' Example 3: 
Show that 13?1*1--92»*! is divisible Бу 22. 
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Solution : 

13284 = 13.(13)2" = 13.(169)" 
= 13.(22х7+15)" 
= 13.(15)" (mod 22) 

92n*1 = 9.81" = 9(3х22+15)" 
= 9.15" (mod 22) 

d 1328414:0284 = [13.15"+9.15"] (mod 22) 

= 22.15" (mod 22) 


O (mod 22). 
oo 1 32n*14-92n*1 is divisible by Ze: 
Example 4: 


Find the remainder when 21009 is divisible by 17. 


Solution : 
24 = 16 
= —] (mod 17) 
(24259 = (-1)?5° (mod 17) 


1 (mod 17) 


& The remainder when 21000 is divided by 17 is 1. 


Example 5 : 
Find the remainder obtained by dividing 246 by 47. 
25 = 32 
= —15 (mod 47) 
219 = (-15) (mod 47) 


225 (mod 47) 


—10 (mod 47) 
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220 = (10)? (mod 47) 


ll 


100 (mod 47) 


6 (mod 47) 


240 


36 (mod 47) 


—11 (mod 47) 


245 240 25 


—11.-15 (mod 47) 


165 (mod 47) 


ill 


24 (mod 47) 
2x245 


Il 


48 (mod 47) 


1 (mod 47) 


& The remainder is 1. 


Example 6 : 


If p is a prime number and p>0, then (a+b)? = (aP+bP) (mod p). 


Solution : 


(а+Ъ)Р = aPtp, aP b+ иг +p, ,abP Fb? 
p— 
p! pp-1! ^. 
Now, р. = r'(p—r)! = гр т)! 15 ап integer. 


Since r«p and p is prime, т! and (р-т)! do not divide p. 


(p-)! | 
Hence r'(p — r)! is an integer. 


oo p divides Po 
oo (at+b)P = aP+p*+bP where kez 


со (a+b)? = (aP+bP) (mod p) 


225 


Example 7 : 


A natural number n is divisible by 3 iff the sum of its digits is divisble by 3. 


Solution : 


Let a, b, c, d, ..... be the digits in the units, tens, hundreds, thousands,... places. 


Then n = at+10b+100c+1000d-+-...... 
Now 1 = 1 (mod 3) d» a= a (mod 3) 
10 = 1 (mod 3) oo 10b = b (mod 3) 
100 = 1 (mod 3) oo 100c = c (mod 3) 
1000 = 1 (mod 3) do 1000d = d (mod 3) 
db» eee... 


oo n 15 divisible by 3 iff atb+c+d is divisible by 3. 


Exercises : 


1.a. 


MO o ск ОН» OON Че ОРЖ 28 


кеа 
e 


Find the least two positive integers having the remainders 2,3,2 when divided by 
3,5,7 respectively. | 


Find the least positive number which when divided by 7, 8, 9 will leave 
remainders 1,2,3 respectively. Find the general formula for such numbers. 


Find a multiple of 7 which has remainder 1 when divided by 2,3,4,5 or 6. 


. Prove that 34n*2.-5?n*! is divisible by 14. 


Show that 32"*!+2"*? is divisible by 7. 
Show that 721+1+1 = M(8) 


Show that 19?^—1 = M(360) 


Show that 2371-1 = M(528) 
Show that 172"-1= M(288) 
Show that 3274-22» = M(5) 
Show that 32"-'+2"*! js divisible by 7. 


Answers : 


l. 
2. 


(а) 128, 233 (b) 498; (504)k—6. 
301 
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9.3. NUMBERS IN ARITHMETIC PROGRESSION : 


If x, xa, x+2a,..... x*(n-1)a, n terms of an arithmetical progression, are divided 
by n, where n is prime to а, the remainders are numbers 0,1,2,....... n—1 taken in certain 


. order. 

Let us assume that х+ра and x+qa when divided by n leave equal remainder т. 

Then xtpa = k,ntr 

xtqa = k ntr 
(p-qja = (k,-k,)n 

oo (p—q) is less than n. 

(p—q) 1s less than n. 

oo ais divisible by n which is contrary to the hypothesis that n is prime to a. 

The remainders аге all аійе. м and as each is less than n, they must be the 
numbers 0,1,2,.....n—1, taken in some order or other. 
Corollary 1 : 


One of the numbers x, х+а, ...... E t(n-1)a is divisible by n. 


Corollary 2 : | 


If the progression is continued beyond ће п? term, the remainders recur inthe 
same order. 


Corollary 3: 


If p is prime to a, then when a, 2a, 3a,.....(p-1)a are divided by p, the remainders 
are 1,2,...... (p-1) in some order or other. 


Example : 


Show that every integer which is a perfect cube is of the form 7p or 7px 1. 


An integer, N when it is divided by 7 has one of the remainders 0, 1,2,3,4,5,6. 


Every integer has one of the forms. 


7m, 7m+1, 7m+2, 71143, 7m44, 7m+5, 7m+6 
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(1.е.,) 7m, 7m+1, 7m+2, 7m+3, 7m-3, 7m-2, 7m-1 
| (i.e.,) 7m, 7m+1, 7m+2, 7m+3 


(7m+r)? = (7т)2+3(7т)27+3(7т)г2+г3 


М(7)+г? 


Hence in the four possible cases we have 


N? = (7my = M(7) 

№ = (7т+1)? = M(7)&1: 

№ = (7m+2)3 = M(7)+8 = M(7)+1 

N? = (7m+3)3 = М(7)+27 = M(7)22831 


= M(7)+1 
In every case therefore the cube has one or other of the form 7p or 7p+1. 
Theorem 9.1: 


If x be congruent with r with respect to the modulus m, f(x) will be congruent 
with f(r) with respect to modulus m where f(x) is a polynomial in x. 


Let f(x) be ру+рух+р,х2+.....+р хп 
x 1S congruent with r with respect to modulus m. 
oo X is of the form qm+r 


By the binomial expansion, we have 


(qmir) = (qm)"*n, (qm)*"!rt......n, . (апуг ан 
= (q'm'",q'""m"*rt...n, ага)" 
= М(т)+т" | 

Similarly, 
(qm4r)! = M(m)+r™! and so on. 
Hence , ifx = qm+r 
f(x) = f(qmtr) 
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f(r)+M(m) 


Hence f(x) is congruent with f(r) with respect to modulus m. 


Corollary : 


Since all integers are congruent (with respect to modulus m) with one or other 
of the series 0,1,2,...... m—1, it follows that to test the divisibility of f(x) by m for all 
integral values of x we need only test the divisibility by m of f(0), 81), f(2)......f£(m-1). 


Example 1 : | 
Show that x°—x is divisible by 30. 


Solution : 
| f(x) = х5-х = х(х4-1) . 
0) = 0 
81) = 0 
(2) = 2x15 = 30 
fG) = 3x80= 240 
(4) = 4x255 = 1020 
К5) = 5x624 = 3120 
КО), f(1), K2), f(3), £4) are divisibly Бу 5. 
5, f(x) is divisible by 5. | 
KO), f(1), 82), 63), f(4), f(5) are divisible by 6. 
< f(x) is divisible by 6. | 
& f(x) is divisible by both 5 and б. 
| (i.e.) f(x) is divisible by 30. 


! 
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Example 2 : 


If x, y, z be three consecutive integers, show that (Zx))-3Xx? is divisible by 108. 
Since X, y, Z are consecutive integers y = x+1, z = x+2 


oo (Zxy-3Xx3 = (3х+3)3-3{х3+(х+1)?+(х+2)3} 


18х3+54х2+36х 


18х(х+1)(х+2) 
Let f(x) be х(х+1)(х+2) 


0) = 0 
(1) = 6 
K2) = 24 


НО), f(1) are divisible by 2. 

со f(x) is divisible by 2. 

0), 81), f(2) are divisible by 3. 

oo х) is divisible by 3. 

oo f(x) is djvisible by 6. . 

oo (Zx)?-3Xx? is divisible by 108. 
Exercises : 


1, Show that every square is of the form 3m or 3m+1 


2: Show that every square is of the form 5m ог 51151 

3. Show that every cube is of the form 9m (or) 9m+1 

4. Show that every forth power is of the form 5m (or) 5m+1 

5. Show that 22**!+1 is divisible by 3. 

6. Show that in order that x*+1 may be divisible by 17, x should be of the form 
17mz2 (or) 17m+8. | 

d If n is a prime number greater than 3. Show that п?—1 is divisible by 24. 

8. Ifnis a prime number greater than 7, show that пб—1 is divisible by 504. [Show 


that n9—1 is divisible by 7, 8 and 9] 
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9.4. FERMAT'S THEOREM : 
If p is a prime and a is any number prime to p then аР-1-1 ig divisible by p. 
We have proved that if n is a prime number, then n. is divisible by n. : 
(acl) = aPtp, .aP Hp, .aP “+ Эн Үр, aP Fes pu, ан! 
(i.e.,) (а+1)Р-(аР+1) = p, aP tp, aP ^+ "E +р, аР '+.....+р. а 
Since р isprime Pep Pear" Эр are divisible by p. 
oo (a+1)P—(aP+1) = а multiple of p 


oo (a-1) = (aP+1) (mod p) 


Since this result is true for all values of a, replacing a by 8-1, а-2, a—3,.....3,2, 1 | 


in succession we get 


aP = (8494 )(шоёр) | тг (1) 
(a-1)P = [(a-2)P+1](modp) 9... 777 (2) 
(a—-2)P = [(a-3)*t1](modp 9. 777 (3) 

3P = [2P+1] (mod p) га (8-2) 

29 = [1P+1] (mod p) с ----z---(a—1) 


Adding all the equations (1), (2), (3)... (a-1) we get 


. 


aP+(a—1)P+(a—2)Pt....... +3P+2P = [(a—1)P+1+(a—2)P+1+(a—3)Ptl1+..... 
+2P+1+1P?+1] (mod p) 


Since we are adding a—1 equations, we have 
aP+(a—1)P-+(a—2)P+.....+3P+2P = [(a—-1)P+(a—2)P+....+2P+1P+a—1] (mod p) 
(i.e.,) а? = [1+(a—1)] (mod p) 

(1.е.,) а? = a (mod p) 

(i.e.,) ар — ais divisible by p 

(ї.е.,) a(aP-!—1) is divisible by p. 


Since a is prime to p, a?71—1 is divisible by p. 
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II Method : 
(x+y)P = хР+р, xP !ytp, xP ?y^r. B ы Р xyP-l4-yP 
Р.» Pope Р. | are divisible by p. 
бо (x+y) = (xP+yP) (mod p) 


(xt+y+z)P 


(x+y)P+p, i (х+у)Р-12-+....+2Р 
= [(x+y)P+z?] (mod р) 
= (xP+yP+zP) (mod p) 

So in general 

(xt+ytzt....+w)P = (xP+yP+zP+.....twP) (mod p) 

where © у, Z,.....W are any integers. 

Let there be a integers x, y, z,...... W. 

Put each equal to 1. 

Then (1+1+.....a terms)? = (1P+1P+...+1P) (mod p) 


о 


оо aP 


a (mod p) 
(1.e.,) aP—a is divisible by p. 


со aP-!—] is divisible by p. 
III Method : 


When a, 2a, 3a,..... (p-1)a are divided by p, the remainders are 1, 2,....p-1 in a 
certain order since p is prime to a. 


a = r, (mod p) 
2a = r, (mod p) 
3a = r, (mod p) 


**"99»99 . | X ($.»499€999* 


л 
T 
EY 
х 
e 
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Here гү, г,, D4,....I, ; are 1, 2, 3,......p-1 in a certain order. 
oo а. 2a. 3a...(p-l)a = rr, РУ Г (тоа р) 
(1.е.,) (p-1)! aP! = 1.2......(p-1) (mod p) 
(1:85) (p-1)! аР! = (p-1)! (mod p) 


(1.е.,) (p-1)! аР”-(р-1)! 
оо (p-1)! (aP71—1) is divisible by p. 


0 (mod p) 


But (p-1)! is not divisible by p, since p is prime. 
оъ aP-!_1 is divisible by p. 
| Corollary 1 : 


а”-а is divisible by p if p is prime and a is prime to p. 


Corollary 2 : 
1l 


-(р-1 
If p is an odd prime and a is prime to p, then 42? P 18 divisible by p. 
] 1 
-(р-1 -(р-1 
api = 42! ) à a2 he 
aP-!_1 is divisible by p. 
1 1 
-(р-1 -(р-1 
2? )_, or 42? эт is divisible by p. 
1 
ЭТЭ c ЖОО 
(i.e.,) a2 +1 is divisible by p. - 
Example : 
l. Show that if x and y are both prime to the prime number n, then x"-l.yn-l js 


divisible by n. Deduce that х!?—у!? is divisible by 1365. 


Solution : 
x-1—] = 0 (mod n) since х is prime to n and n is prime. 
Similarly y™!—1 = 0 (mod n) 
subtracting we get x™!-—y™! = ( (mod n) 


233 


х!2-у — х!їз-1—у13-—! 


О (mod 13) 


ili 


c x12—12 C (x9--y9) (x94-y9) 


0 (mod 7) 


ll 


but х9-у 
х5-у5 is divisible by 7. 
(i.e.,) х!2—у!? is divisible by 7. 
| х12—у12 = (ху) (х®+х°у*+у®) 

by x^—y^ = 0 (mod 5) 
с х!?—у!? is divisible by 5. 

х12-у12 = (х?—у?у(х®+х?у®+у®) (х©-су®) 
but x?-y? = 0 (mod 3) 
с» х12--у!2 is divisible by 3. 
& х!2—у!2 is divisible by 13, 7, 5 and 3. 
(1.е.,) it is divisible by 13575253 
0.6.) by 1365 


Example 2: 


Show that the 8th power of any number is of the form 17m or tyr: 


Solution : 
Let the number te N. 
N may be prime to 17 or may not be prime to 17. 
If N is not prime to 17, it must be a multiple of 17, since 17 is a prime number. 
In that case N is a multiple of 17. 
c» N? is of the form 17m. 
If N is prime to 17, 
N!7-1—] is divisible by 17. 
(1.е.) N'¢! is divisible by 17. 
(1.е.) (8+1) (М-1) is divisible by 17. 
œ N?-1 or N91 is divisible Юу 17. 
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< N8+1 ог N$-1 is a multiple of 17. 
& N§+1 = 17m (or) N?-1 = 17m 
(i.e.,) № = 17m+1 


Hence № is one of the forms 17m (ог) 17:51. 


Another Method : 
Since 17 is a prime number. 
al^ = a (mod 17) 


А 17 
oo gi 2 








+1 


Hence ад is of the form 17m (ог) 17m+1. 


Example 3 : 
Prove that the 5th power of any integer N has tbe same units digit as N. 
By Fermat's theorem, М2-4Ч is divsible by 5. 
oo М-М = M(5) 
(1.е.) N(N^—1) M(5) 
(i.e. )N(QN?1)(N*1)(N-1) M(5) 
Since N is any integer, either N or N—1 15 divisible by 2. 


| 


co N5-N = a multiple of 10. 
(1.е.,) N? = М(10)-М 
N can be put in the form 10p-q where q«10 
oo М? = M(10)+10ptq 

= M(10)+q 


c» N° has the same units digit q as that of N. 
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Example 4 : 
Find the remainder when 2^9? is divided by 47. 


Solution : 


1 (mod 47) (Fermat's theorem) 


246 = 
оо (210)19 = 119 (mod 47) 
oo 2460 = 1 (mod 47) 


Hence the remainder is 1. 


Example 5 : 


Find the remainder when 21009 is divided by 13. 


Solution : 


212 = 1 (mod 13) Fermat's theorem) 

cb (2183 = 1 (mod 13) 

eA (2996) = 1 (mod 13) 

Also, 2^ = 3 (mod 13) 

oo 21000 = 3 (mod 13) 

Hence the remainder is 3. 

Example 6 : 
n 
If a and b are prime to n, show that (аъ) 


solution : 
Since (a, n) = 1, by Fermat's theorem 


a"! = 1 (mod п) 


Similarly b"! =1 (mod n) 
Hence а?-1-05-1 = 0 (той п) 
` n 

| „nl prt) 
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NUMBER SYSTEM UNIT - £6 


10.1. GENERALIZATION OF FERMAT'S THEOREM 


If n is any number and a is prime to n then а 21 (mod п) 

Let a,,2,,.....a44, be the b(n) integers less than n and prime to it. 
Consider the products aa,,a2»,....88,() 

Let k be the remainder when aa, is divided by n. 

Then aa.=M(m)+k | | | | = (1) 


Since a and a, are prime to n and k is also prime to n. Hence the remainder is 
prime to n. 


Suppose the product aa, gives the same remainder К when it is divided by n. 
Then aa, = M@)k лт (2) 
From (1)&(2), we get а(а -а,) = M(n) 


(1.е.) a(a—a,) is a multiple of n which cannot be the case since aa <n and a 15 
prime to n. | 


c» aa, апа аа, will not give the same remainder when they are divided by n. 
Hence when the products aa,,aa,...... aa y(n) аге divided by n the remainders k,,k,,..k, are 
all different and prime to n. 


oo They are а ,а,,....а 1 is some order. 


к (mod n) 


aa, 


аа, = k,(mod n) 


8.8 €" з * з ээ з ө 


ааш = кутпой n), 


o 


оо аа ,аа,,...ааг ту 


|] 


k; k, ..k, "(тоа п) 


фо) 
(їе) aX) аза,....а, у = аа,......а, (mod п) 
Dividing by 21,25,...4(5) which is prime to n. 

we get | 


а®®) = (mod n) 
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Cor: 


If n a is prime number, then ф(п) = n-1. Then this theorem reduces to Fermat's 


theorem. 
Exercises : 


N a-1 
1. If ap. y......be primes and N-af,y......then show that 253 = I(modap,y......) 


2 Show that 16?? z1(mod 437) 


1 1 | 
[Hint 16?? = 2#*°99 = and ф(437) = 437 1-1511-5) and use extension of 


Fermat's theorem] 


3. Show that xP43 z1mod(pq) it x is prime to P, P is prime and q = р" 
4. Find the remainder obtained in dividing 2460 Бу 47. 
5. When р+1 and 2р+1 are both prime numbers, show that х2-1 is divisible by 


8(p+!)(2p+1) where x is prime to 2, р+1 and 2p+1. 


10.2. WILSON'S THEOREM : 
If P is a prime number, then (P—1)!+1 is divisible by p. 


If a is any number of the series 1,2,....,(P-1) where p is a prime then when | 
а,3а,... (Р -1) a are divided by p the remainders are 1,2,3....P—1 in some order or 


Hence there 1s only one number say, a, among the numbers 1,2,...P-1 such that 
when aa, 1s divided by p, the remainder is 1. 


oo аа, = | (mod p) 

such two numbers are called associate residues. 
Suppose a = a, then a? = 1(mod p) 

(ie) a^—1 = 0 (mod p) 

(ie) (a+1)(a—1) = 0 (mod p) 

4 Either а+1 is divisible by p(or) a = 1. 

Since a is less than p, а+1 = p (or) а = 1. 


(ie) a = p-1 (or) 1. 
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Hence numbers which are identical with their associate residues are 1 and p-1. 
Excluding these 2 numbers 1 and p-1, the remaining numbers 2,3,4.....p-2 can be 





grouped into Р- pairs of associate residues such that the product of each pair is 
congruent with 1. 

oo 2..3..(p-2) =1(mod p) —1 

we also have 1. (p-1) = —1 (mod p) —2 

Multiplying (1)&(2) we get, 

1,2,3.....(p-2) (p- 1) = -1 (mod p) 

(ie) (p—1)!+1 = O(mod p) 

(ie) (p—1)!+1 is divisible by p. 
10.3. LAGRANGE'S THEOREM 


If (x+1) (x42)....... (x'p-I) = x A; xP ^r... A, FAS, 


oo (Х+1)(х+2)(х+3)....(х-+р) 


(х+1) (occ 1) A (х+1)Р-?+..+А„_„(х+1)+АУ_,} 


(х+1)Р+А Qc1)P rA, ,(х-1)2-А,, (ol) 
oo (хэр) {xP -A,xF?A xP 34. +A, ,х+А, |} 

= (x+) FA Qo1)P +... Ар, (х+1)?+А„ (x41) | 
(ie) xP+A xP +A xP 4. +A, ox2+A, ух+р.хР-! + A px’ ^t... A, ,p.xtpA, , 

= Gcr DEA Qc DP 14+... +A, o(x+1)2+A,_(x+1) 
So (Gct D) -x* 3A, (oc DP 1-X* 1) +A, (4-1) -2х?-21--.-А, | {(х+1)—х} 

= рх” Аүрх"--...А, +A 


Equating the coefficient of xP?,xP, . 
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E 


we gei 


po = pC,*(p-1)C,A, 
pA, ms pc, " (p-1)C, i A4 (p-2)C,.A, 
3 


pA, = рС,+(р-1)С, A,*(p-2)C, A;*(p-3)C,A4 


9€ з a 4 4 НИ о э 


+ « ee е ò% e оо 


РА = 1+А,+А,+.....+Ар Ар 

Since (p-1)C,, (р-2)С,, (p-3)C,.....are not divisible by p, if p 15 prime, we get 
by successive steps that ÀA,,A,,A,,.... A, » are all divisible by P. 
Cor 1: 

(х+1) (x+2)......(x+p-1) = хЭЭ-А,хЇ EAS “Ар, , 

Put x = 0, we get À, = (p-1)! | 

РИБЕ L We get р DEA CB ТА, БА, | 

ob A, 1+1 = pl-(Aqt. tA, 5) 

(1e) (р-1) +1 = pl-(A,+......tAp 5) 

The left side is divisible by p. 

со (p-1)! + 1 is divisible by p. 


This is wilson's theorem. 


! 


xGcrl) (хт2)....(х+®р-1) = x(x--A xP 2A ХЭ... БА, XA, |) 

= —XPRA xF Л АХ... ЛА, үх БА, (х 

= (хР-х)+А xP A xP A+... +A pX (Ap ү+1)х 
d xP_x = x(x*1)(x22).....(xtp-1)- (A,xP- A ХР +..... 


£A, 4X2) — (A,_,+1)x 


х(х-1) (х+2).....{х+р-1) being the product of p consecutive integers, must be 


divisible by P. Also if p be prime A, ,+1,A,,A,,...Ap_, are divisible by p. 
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c» xP+x is divisible by p if p be prime. 
This is Fermat's theorem: 
Cor 3: 
If p is a prime greater than 3, then A, , is a multiple of p^. 
In the lagrange's theorem substitute the values of p and —2p instead of x 
we get 
(р+1) (р+2).....(2р-1) = А} ТА, р... +pP tween (1) 
(-2p*1) (-2р-2)......(-2р-р-1) 
= (-2р)Р-!+А 2p)? +....+Аһ (2p) * Ap , 
(ie) (2p-1) Qp—2).....(p*2) (p*1) C1)! 
= (-1)P1 (Qp)*! -A (2р)? +.....+Ар jj 
Since there are P terms on the right side and P is odd. 
< (р+1) (р+2)....... (22 1) = Ap -2рАр ›...... Xp)! -—-— (2) 
Subtracting (2) from (1) we get 
0 = 3p. A, —3P*. A, , + a multiple of p*. 
Since A, ү, Ар», Ap ,,-....аге divisible by ». 
oo | ЗРА,, = 3P2A, 3 – М(Р^). 


1 
oo Ap» = pAp 3 кз з МР?) 


A,_; is a multiple of p and p>3. 


A,_, is a multiple of p^. 


Cor : 4 





1 1 1 | | 
(p-1)! 5 | is a multiple of Р”. 


In cor. 3 we have learnt that A, = M(p?) 
Ар, = Coeff. of x in (х+1) (x42)....(x*p-1) 
(2.3.....p-1) + (1.3.4...p- 1) + .....(142....p-2) 
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1 1 1 
ке um ! +—+-—-+,,.+—-— 
(pP-1)! (++; 5 
Hence the result. 


Example 1 : 
Show that (18)! + 1 is divisible by 437 


Solution : 
19 is a prime number. 
oo (19—1)!+1 is divisible by 19 - 
(ie) (18)!+1 is divisible by 19. 
23 1s a prime number. 


oo (22)!+1 is divisible by 23. 


(ie) 22.21.20.19 (18)!+1 = M(23) 
(ie) (23-1) (23-2) (23-3) (23-4) (18)!+1 = M{(23) 
(ie) (M23) + 1.2.3.4! (18)!+1 =. M23) 
(ie) | (M(23) 42341) (18)!4+1 = M(23) 
(ie) {M(23)+1} (18)!+1 = M(23) 
(ie) {M(23) (18)! + (108! } +1 = M(23) 


9% (18)!+1 is divisible by 23 
oo (18)!+1 is divisible by 19x23 
(ie) (18)!+1 is divisible by 437. 


Example 2: 


. If P is a Prime number and p = 4m-*1 where m is a positive integer, prove that 
{(2m)!}2+1 is divisible by p. 


Since p is a prime number, 


(p—1)!+1 = 0 (modP) 


(1e) (4m+1—1)!+1 = 0 (mod P) 
(1e) (4m)!+1 = 0 (mod P) 
(ie) (2m)! (2m*1)(2m72)....(4m)*1 = 0 (mod P) 
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(ie) (2mi)!{(p—2m) (p-2m-1)....(p-1))*1 = 0 (mod p) 


(ie) (2m)!{M(p)+(2m)!}+1 = 0 (mod p) 
(1e) M(p) +{(2m)!}7+1 = «0 (mod p) 
oo {(2m)!}7+1 = 0 (mod p) 


Example 3 : 


Р-1 
If M = 1.3.5....(p-2) where р is an odd prime, show that М2-(-1)75 (mod p). 
P is a prime number. 


oo (p—1)!+1 = 0 (mod p) 


(1e) 1.2.3....(р-1)+1 = (0 (mod p) 
(1е) 1.3.5....(р-2).2.4.6.....(р-1)+1 = 0 (mod р) 
(1е) 1.3.5....(p-2) (p-p-2) (р-р-4)...(р-1)3+1 = 0 (mod р) 


Р-1 
(e) 1.3.5...р-2) (M(p)*(-1) 2. (p-2) (p—4)...3.1}+1 = 0 (mod p) 


P-1 | 
(ie) ^ L3.5..(p-2M(p)*(-1) 2. 12.32.52...(p-2?*1 = 0 (mod p) 


P-1 
& (—1) 3- 12.32.52.....(р-2)2+1 = 0 (mod P). 
р! 
Multiplying throughout Бу (-1) 
we get, 
p-1 
(—1)P-1 12.32.52... (p-2)* (-1) = (0 (mod P) 


p is an odd prime 


c» p-1 is even 


р-1 
d M? +(-1) ^ 8 0 (mod p) 
pu 
(ie) M2-(-1)^ = 0 (mod p) 
(p+1) 
(ie) M? = (ду ^  (modp) 
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Example 4 : 


Show that if n is a prime number and r<n, (n-r)!(r-1)!*(-1)*' = 0 (mod n) 


“1-1 


1 2 
Deduce that ЁС - 0 +(-1) 2 = 0 (mod n) 


nis a prime number 








By Wilson's theorem, (n-1)!»1 =  O(mod n) 
(1e) (n-r)!(n-r-1)(n-r42)...(n-1)-] =  O(mod n) 
(ie) (nc)!(n-r-1) (а-г-2)....(0-1)+1 =  O(mod n) 
(ie) (n-cr)!(M(n)-(-1)-!(r-1)!)]-1 =  O(mod n) 
where М(1) is a multiple of n. 
(ie) M(n) (n-r)!-(-1)*! (п—г)!(т—1)!+1 s  O(mod n) 
с (-1)71 (п-т)! (r-1)!—! = O(mod n) 
Multiplying throughout by (—1)"!, we get 
(—1)? (п-т)! (7-1)! + 1)! =  O(modn) 
(ie) (п—г)!(т—1)!+(—1) 1 = O(mod n) 
Вирус in tie above vendit 
n-1) 
we get, (a- B2 nil = i} (-1) 2 =  O(mod n) 
И E (n-1) 
(ie) Sean (-1) 2 =  O(mod n) 
A 2 
p? (n-1) 
(ie) (55) +(-1) 2 =  O(mod n) 


Example 5 : 
Show that 28! + 233 = O(mod 899) 


Solution : 
899 
Now 281-1 


29.31 
О (mod 29) (Wilson's theorem) 


Il 
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du 2814-1--29(8) 


oo 281-233 
Now 30!+1 
do 30.29.28!+1 


SOIG Srita] 


25 (—1) (-2) 281-32 
oo 28!+16 
oo 28!+16+7.31 

28!+233 


li 


| 


li 


t 


li 


li 


it 


n 
—— 
ws 


O (mod 29) 

0 (mod 29) 

O (mod 31) (Wilson's theorem) 
O (mod 31) 

О (mod 31) 

О (mod 31) 

О (mod 31) (since (2,31) -1) 
О (mod 31) 

O(mod 31) 


From (1)&(2) we get 281--233 = 0 (mod 899) 


Since (31,29) = 1. 


Example 6: 


Show that 7??--16n—-1z0(mod 64) 


Solution : 


7?»--16n-1 


Hence 779+ 16n—1 


Example 7 : 


| 


(1-8)^t-16n-1 

(1—2n, .8*2n, .8?— шон -8?"-16n-1 
1—-16n + (a multiple of 64)+16n—1 
a multiple of 64. 


0 (mod 64). 


Show that 321+2+21*! = 0 (mod 7) 


Solution : 


The result is true for n = 1 


Let it be true when n = m. Then 


32m+] +2m+2 


—— 
wee 
——— 


0 (mod 7) 
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Now, 32(m+1)}+1}2(m+1)}+2 = 9 32mtl45 gmt2 


2[321+1+2+21+7.3 2m*l 


a multiple of 7. 


Hence the result follows by induction. 


Example 8: 


Prove that for any integer n, n?-n is divisible by 30. 


Solution : 
n?-n = n(n^-1) = (n—1)n(n+1)(n2+1) 


Now n-i, n, п+1 are three consecutive integers and hence the product 
(n-1)(n* 1)n is divisible by 6. 


Therefore -n is divisible by 6. . . .— | .| a= (1) 
Also by Fermat's theorem, n*—1 = 0 (mod 5) 

Hence n^-1 is divisible by 5. 

æ п?—п is divisible by 5. . . . .  .  . — — -— (2) 


Now, since 5 and 6 are relatively prime, n?-n is divisible by 30. 


Exercises : 

l. If p is a prime number, show that 2(p—3)!+1 15 divisible by p. 

2 Prove that 712!+1 = 0 (mod 719) 

3 Show that (1) 28!+233 is divisible by 899, (2) 28! = 666 (mod 899) 
4. Show that 18!—22 = M(46) 
5 


Show that any prime of the form 4-1 is a divisor of a number of the form 
1+k?. 


6. If P is a prime of the form 4m-1, show that ((2m-1)!)?-1 = 0 (mod P). 
7. If P is an odd prime, show that (1,2,3....... у + (—1)Р-!/2 = 0 (mod Р) 


[Hint : If P 1s an odd prime. 


Р-1 P-1  P-1 
uy" o тэврэн ИЙ) 


